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GLOBAL NONEXISTENCE FOR THE WAVE EQUATION
WITH BOUNDARY VARIABLE EXPONENT
NONLINEARITIES

TAE GAB HAa AND SUN-HYE PARK

ABSTRACT. This paper deals with a nonlinear wave equation with bound-
ary damping and source terms of variable exponent nonlinearities. This
work is devoted to prove a global nonexistence of solutions for a nonlinear
wave equation with nonnegative initial energy as well as negative initial
energy.

1. Introduction

In this paper, we consider the following the wave equation:

uge — p(t)Au + h(u) =0 in Q x (0,7),

u=0 on Ty x (0,7),
(1) 9 2 2

M(t)ai; + |ut|m(z)_ U = |u|p(l)_ u on 1_‘1 X (O’T)’

w(z,0) = up(x), u'(z,0) =ui(zx) in  Q,

where, Q) is a bounded open domain of R™(n > 1) with a smooth boundary
I =ToUTy. Here, I’y and T'; are closed and disjoint with meas(Tg) > 0. Let
v be the outward normal to I' and 7" > 0, a real number, and m(z), p(z) be
given functions.

This type of model arises in electro-rheological fluids or fluids with temper-
ature dependent viscosity, viscoelasticity, filtration processes through a porous
media and image processing (cf. [1,20]).

The problem of proving the nonexistence or blow-up of solutions for the
wave equation has been widely studied (see [6,8-13,17,18,21-23]). Recently,
many papers have treated problems with variable exponents. For the variable
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exponent problems, the main tool is based on the Lebesgue and Sobolev spaces
with variable exponents, which was introduced in [3,4] and has been widely
used in the literature, see [2,7,14-16] and the list of references therein. For
example, in [16], the authors proved the local existence of a unique weak so-
lution for the nonlinear damped wave equation and the finite time blow-up of
solutions for negative initial energies. Recently, in [7], the authors studied the
global existence of solution for (1) using the stable-set method and proved the
exponential or polynomial energy decay rate. However, the above mentioned
references was only considered interior variable exponent nonlinearities.

On the other hand, there are very few results for the boundary variable-
exponent-nonlinearity problems. In [19], the author proved the existence and
asymptotic stability for the semilinear wave equation with boundary variable
exponent nonlinearities. However, the blow-up was not considered.

Motivated by previous works, the goal of this paper is to prove a finite time
blow-up for the solution for (1) under suitable condition on the initial data
and the positive initial energy. As far as we know, there is no blow-up result
concerning the boundary variable-exponent nonlinearities.

This paper is organized as follows: In Section 2, we recall the notation,
hypotheses and some necessary preliminaries and introduce our main result.
In Section 3, we prove the blow-up of solutions for (1) with nonnegative initial
energy as well as negative initial energy.

2. Preliminaries

We begin this section by introducing some hypotheses and our main result.
Throughout this paper, || - ||, and || - ||p,r, denote the L? () norm and LP(I';)
norm, respectively.

(H;1) Hypotheses on Q.

Let © C R™ be a bounded open domain, n > 1, with a smooth boundary
I =Ty UTy. Here I'y and Ty are closed and disjoint with meas(Ty) > 0,
satisfying the following conditions:

w(z) -v(z) >oc>0 on Ty, w(x) v(z)<0 only,
(2) w(z) =z —2°2° € R") and R = max|w(z)|,
z€Q

where v represents the unit outward normal vector to I'. We assume that

(3) u(0) 20

- 4 |U1|m(x)72u1 = |u0|p(w)72u0 on [I'.
v
(Hz) Hypotheses on m(z), p(x). )
Let m(x) and p(x) be given measurable functions on {2 satisfying the follow-
ing conditions:

) 2<q <q(z)<gt <=l if >3,
q >2 if n=1,2,



WAVE EQUATION WITH BOUNDARY VARIABLE EXPONENT NONLINEARITIES 207

where

¢~ =essinf ¢(z), and q" = esssupq(z).
e 2eQ

Furthermore, m(x) and p(x) satisfy the log-Holder continuity condition as fol-
lows
A

(5) lg(z) — q(y)| < *m

with |z —y| <, A>0,0<d< 1.

(H3) Hypotheses on u, h.
Let u € W1°(0,00) N W11(0, 00) satisfy the following conditions:

(6) p(t) > po >0 and p'(t) <0 ae. in [0,00),

for all z,y € €,

where pg is a positive constant. Moreover, we assume that
(7) h:R — Ris a Lipschitz function, and 2H(s) > h(s)s > 0 for all s € R,

where H(s) = [ h(T)dr.

In order to treat the variable-exponent nonlinearities m(z) and p(z), we need
some preliminary facts about the Lebesgue and Sobolev spaces with variable
exponents (see [3,4]). For the reader’s convenience, we will repeat some of
them here.

Let g : Q — [1,00] be a measurable function. We define the Lebesgue space
with a variable exponent ¢(-) by

LIO(Q):={u|u : © — R measurable and / | Au(z)]7®) da < oo for some A >0},
Q
equipped the with following Luxembourg-type norm
: u(z)
lullagr.0 = lully = int(r > 0] [ |42
Q

L0)(Q) is a Banach space. Next, we define the Sobolev space W14()(Q) as
follows:

Wit (Q) := {u € LIV (Q) such that Vu exists and |Vu| € L) (Q)}.

q(

z)
dz < 1}.

This is a Banach space with respect to the norm [[ully1.ac) ) = [|ullqc) +

||[Vul|g). Furthermore, we set Wol’q(')(Q) to be the closure of C§°(2) in the
space Wa()(Q).

Lemma 2.1 (Poincaré’s Inequality [3,4]). Let Q be a bounded domain of R™
and q(-) satisfies (5). Then

lullgey < CillVaullyy for all ue Wy (),

where Cy is a positive constant which depends on ¢& and Q. In particular,
[|Vullg) defines an equivalent norm on WOI’Q(')(Q).
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Lemma 2.2 ([3,4]). Let Q2 be a bounded domain of R™ with a smooth boundary
. Assume that r : Q — (1,00) is a measurable function such that
1<r” <r(x)<r" <+oco forae x €.
If q(z),r(x) € C(Q) and q(x) < r*(x) in Q with

nr(z) ot
r(z) = {n_r(r) if rt<n,

00 if T >n.
Then the embedding W ()(Q) — LI)(Q) is continuous and compact.

Lemma 2.3 ([5]). Let Q be a bounded domain in R, g € C%1(Q), 1 < ¢~ <
q(xz) < q" < n. Then for any r € C(T') with 1 < r(z) < (”liq)(q(f) there is a
continuous trace W40 (Q) — L"C)(I), and when 1 < r(z) < m the

n—q(xz) 7’
trace is compact, in particular, the continuous trace W) (Q) — LICN(T) is
compact.

From Lemmas 2.2 and 2.3, we have the embedding HJ(Q) < Li0)(T),
where

Hy(Q)={uc H'(Q):u=0o0nTy}

and

2<q <glx) <gt <2l if >3,
qg >2 if n=1,2,

which satisfies the inequalities
(8)  Nlullgey < Cal|Vulle and  [[ullq),r, < C3||Vulls for all u e H&(Q),
where C5 and C3 are for some positive constants.

Lemma 2.4 (Holder’s inequality [3,4]). Let g,r,s > 1 be measurable functions
defined on 2 such that

1
= + for a.e. x €
x

If f € LIO(Q) and g € L") (Q), then fg € L¥O)(Q

[ isat@ar < [ 1 dm+/|g|

fgllsy < 20 flqeyNlgllrey-

Lemma 2.5 ([3,4]). If ¢ : Q — [1,00) is a continuous function satisfying
2<q1 <q(z) < g2 < g, where

{q =20 for n>3,

and

qF =00 for n=12.



WAVE EQUATION WITH BOUNDARY VARIABLE EXPONENT NONLINEARITIES 209

Then the embedding H}(Q) — LIC)(Q) is continuous and compact, and we
have

O min{lulf g 5 o} < [ e < ma{lulf 0w o}

The following theorem is the local existence of solution of problem (1), which
can be established employing the Faedo-Galerkin method as in the work of
[16,19].

Theorem 2.6. Let the initial data {ug,u1} belong to H}(Q) x L*(Q) and the
hypotheses (Hy)-(Hs) hold. Additionally p(x) satisfies

o2n —
(10) 2<p” <ple) <pt < T

if n>3.

Then problem (1) has a unique weak solution such that
w € L¥((0,1): Hy (), L=((0,7); L* () N L™ (T'y x (0,7)).

In order to formulate another result, it is convenient to introduce the energy
associated with problem (1):

(1) B = gl + gu@)val + [ Hds - [

where H(s) = [ h(r)dr. Then by (6),

|u‘p(m)

p(z)

9

1
E'(t) = 5 ®)|Vull3 - g Jue| ™l <0,
1

which implies that E(¢) is a nonincreasing function.

Theorem 2.7. Suppose that the hypotheses (H1)-(Hs) hold. Moreover, we
assume that m* < p~ and,

(12) E(0)<d and m <||Vuoll2 <C;1,
— 1
where d = ,uo(% — p%)n%, m = (noCy " )7~ =2 and Cy = max{1,C3}. Then
the solution of problem (1) cannot exist for all time.
3. Blow-up

This section is devoted to prove Theorem 2.7. By similar arguments as in
[16] and using (8), we get the following lemma.

Lemma 3.1. Suppose that the assumption (6) holds and u is a solution of (1).
Then we have

(13) ( / up@ar)” < 65 (11vul + / up@ar).

(14) [u["@dT > Cslully -,

Ty
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m= mt
(15) |u|m(w)d1" < C7<( ‘U|P(w)dr> o ( |u|p(a:)dr> p- >’
Iy |1 11
where 2 < s < p~ and C5,Cg,C7 > 1 are positive constants depending only on
Q.

The next lemma plays an essential role for the proof of the blow-up result.
Lemma 3.2. Let the assumption in Theorem 2.7 be satisfied. Then there exists
a positive constant 1, > 11 such that
(16) [[Vu(t)|l2 > ne for all 0<t < Tmax,
where Thax i the mazimal time of existence of the solution of (1).

Proof. Case 1: 0 < E(0) <d.
By using (11), (6), (9) and (8), we get that

1 1
E(t) > sp(®)||Vull; — — / |u[Pt)dr
2 p~ Jr,

v

1 9 1 . Pt
an grollVall3 = = max{llullyc, v,y r, }

1 1 - - Lt +
> ol Vel — = max{ O |IVully, €5 IVull |

= f([[Vu(®)]]2)

for any t € [0, Thax)-

We note that f(n) = g(n) for 0 < n < C; ', where g(n) = 3 Hon? — C;L_npf.
It is easy to verify that g is strictly increasing on (0, 7;) and strictly decreasing
on (ny,00), where 1y = (MOC’;p_)P‘—"‘ is the maximum point of g(n), and
g(m) = d. Hence we have g(n) — —oc as n — oo. Since E(0) < d = g(m),
there exists 1o > 71 such that g(n2) = F(0). Therefore we obtain from (17),

9(n2) = E(0) = f([[Vuoll2) = g(|[Vuoll2),

which implies that 7y < ||Vugl|2. From (12), we also have

(18) n < Cr
Now we prove that
(19) [|[Vu(t)||]2 > n2 forall 0<t < Thax

by using the contradiction method. Suppose that (19) does not hold. Then
there exists t* € (0, Tnax) such that

(20) [IVu(t®)ll2 < n2.
If [[Vu(t*)||2 > m1, then we obtain from (17), (18) and (20),
E@) = f(IIVu)ll2) = g(IVu(t)ll2) > g(n2) = E(0),

which is a contradiction with respect to the monotonicity of the energy.
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If ||Vu(t*)||2 < m, then since 71 < 12, there exists n3 which verifies
IVu()ll2 < m < ns < n2 < |[[Vuol|2.

From the continuity of the function ||[Vu(-)||2, there exists ¢ € (0,t*) verifying
[|[Vu(t)||2 = n3. Therefore from (17) and (18) we deduce

E(t) = f([[Vu@l2) = g(I[Vu®)]l2) > g(n2) = E(0),

which is also contradiction.
Case 2 : E(0) <O0.
There is 74 > 11 such that g(n4) = E(0), consequently, by (17) we have

9(ns) = E(0) = f([[Vuoll2) = g(|[Vuoll2)-
From the fact g(n) is decreasing for n; < n, we get
IVuoll2 = ma.
By the same argument as in Case 1, we obtain
[[Vu(t)|le > ns forall 0 <t < Tpax.

Let n. = max{na,n4}. Then the proof of Lemma 3.2 is completed. d

Now we will prove the blow-up result in finite time. We set
(21) G(t) = E1 — E(t),
where F; is a constant lying in (F(0),d). Then
(22) G'(t)=—E'(t) > | |uw|™®dl >0,
Iy

which implies that G(t) is a nondecreasing function, consequently, from Lemma
3.2 and the definition of d, and using the fact that n; < n. and po > 0,

1 1 1
(23) 0<G(0) <G(t) <d—pon?+ — [ |uff@dl < — [ |ulP@dr.
2 P~ Jry p~ Jr,
We define
(24) L(t) = G*°(t) + eN(t), N(t) = / upudx,
Q

where € > 0 will be chosen later and
p- -2 p —m"

e

(25) 0<6< min{

Then we have

(26) L'(t) = (1 -0)G°(t)G'(t) + eN'(t).
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We are now going to analyze the last term on the right hand side of (26).
From the definition of E(t), Lemma 3.2 and (7), we have

I'y

|| ™) "2 u,udD + OE(t) — 0E(t)

Fl
0
27) (1+ ) lluall3 + po (5 — 1) Va3 — 0B, +6G(t)
=1
+ (1 - i_)/ |u|p(I)dF—/ |ut|m(m)72utudF,
p I T

:—12
provided that 6 = p~ —e with 0 <e<p™ — 2.

Estimate for I;.
From Lemma 3.2 and the definition of 8, we obtain

po(5 ~ 1)Vl - 61 > o (-

2 ) Ex
5By
2 2
We note that
2 2
1
El—uon1<d—ﬂz—iuon%<0
2 2 P
and
D _ P _
ol = 1)t =B > o —1)ut —pmd =0,

Thus, F'(¢) represent a decreasing line connecting vertical and horizontal axes
points v, = u()(% — 1)7]% —p~E; and h. = ve(’m"l Ey) 1, respectively.
Hence, we get that

0
(28) uo(§ - 1) V|2 — 0E; > F(e) >0 for 0<e< he.

Estimate for I,.
By multiplying by 1 = ££7! for £ > 0, and by using Lemma 2.4 with s = 1,
q(z) = me()xL and 7(z) = m(x), it holds that

m(z)
[ g™ 2uuar g/ gm($>|u|m(x>dr+/ £ AEIT [uy|"@ L.
Ty Iy ry

We take £~ m -1 = kG79(t), for a large constant k to be chosen later. The
choice of ¢ is allowed since G(t) > 0 for every ¢ as (23) holds true. Hence the
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F(e)

v,

hs I

FIGURE 1. The figure of F(e)

above inequality takes the form:

(29) / | u|dD < kGG () + K-~ GO D) [ ju™@)qr.
1N Iy

Applying (15) and (23), and then using (13) with s =m~ +dp~ (m* —1) <
p~ and s =m" +p~(m* —1) < p~ we deduce that

kl—m’G(S(wﬁ—l)(t) |u\m($)d1“

Iy
_ 1 §(m+—1)
< giom (7_ \u|p(””)dl“> Ju|™(®) dT
p Fl l_‘1
m_ mt—
< e oyt e ([ qapar) T
r,

mt L s(mT 1)
(30) + ( /F \u|p(w>dr) » }
1

- N mZ+8p~ (mF—1)
_ kl—m (p—)é(l—m )07{ ( |u|p(m)d1—\) P
I

7n++(5p_7(m+—1)
+ ([ fup@ar) }
Ty
< 2 () ([l + [ Jular).
Ty

We note that from the definition of E(t) and Lemma 3.2,

1 p(x) 1
= [ uperar > | BP0 > L livullg - B
P Jr, r p(x) 2

>

1 2
2 2
—d> - —d= d( )
HoT) > g Pt =2

N |
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by the definition of d. Hence, from the above inequality and the definition of
E(t), we have

pol|Vul|3 < p(t)||Vull3

=250 ~ [l —2 | Hldo +2 | Wl
e Q Iy p(z)
p()
(31) L2600~ Jull -2 [ A2 [ B

2
<2d4+ — [ |u[f®dl
P Jr,

= [ |ufP®dr.
Iy

Combining (30) and (31), we obtain

klfm’Gé(nﬁfl)(t)/ |u|m(z)dF

(32) h

<2k (p )OI CsCr (gt + 1) [ uP)dT

I}

Therefore (29) and (32) yield

|1 | ™) L || dT
(33) "

< KGTIBG (1) + 26 (p7) TG Cr (gt + 1)/ |ufP@
r

Combining (26), (27), (28) and (33), we have for 0 < € < h,,
L) > (13- k)G () + 1+ g) g2 + e0G (2)

0 _
n 6(1 — Lot (p ) ooy (ut + 1)) |u|P@ .
p Iy
We now choose k large enough such that
0 _
Lo 2R () 0 Cr g +1) 2 0.

Once k is fixed, we take € small enough such that 1 —d — ek > 0 and L(0) =
G'7(0) + eN(0) > 0, consequently, we conclude that from (14)

L'(t) > Os(|[uell3 + [lully- +G(1)),

where Cg is a positive constant, which implies that L(t) is a positive increasing
function. By the same arguments as in [16], page 3036, we have

L'(t) > CoLT5(t) for all t€ (0, Tinax),
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where Cy is a positive constant. Hence we conclude that L(t) blows up in finite
time and u also blows up in finite time. Thus the proof of Theorem 2.7 is
completed.
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