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A GENERALIZED SIMPLE FORMULA FOR EVALUATING
RADON-NIKODYM DERIVATIVES OVER PATHS

DonG HyuN CHO

ABSTRACT. Let C[0,T] denote a generalized analogue of Wiener space,
the space of real-valued continuous functions on the interval [0, T]. Define
Zgn : C[0,T] = R+ by

Zgn(x) = (I(O),/()T e1(t)dz(t),. .. ,/T en(t)dx(t)) ,

0

where e1,..., e, are of bounded variations on [0, T]. In this paper we de-
rive a simple evaluation formula for Radon-Nikodym derivatives similar
to the conditional expectations of functions on C[0,T] with the condi-
tioning function Zz,, which has an initial weight and a kind of drift.
As applications of the formula, we evaluate the Radon-Nikodym deriva-
tives of various functions on C[0,T] which are of interested in Feynman
integration theory and quantum mechanics. This work generalizes and
simplifies the existing results, that is, the simple formulas with the con-
ditioning functions related to the partitions of time interval [0, T].

1. Introduction

Let Cy[0, T] denote the classical Wiener space, the space of real-valued con-
tinuous functions z on the interval [0, 7] with 2(0) = 0. When 7 : 0 = 7 <
t1 <--- <tp_1 <t, =T is a partition of [0,T] and &; € R for j =0,1,...,n,
the conditional expectation of time integral in which the paths of Cy[0,T]
pass through the point &; at each time ¢; is very useful in the Brownian
motion theory. Park and Skoug [7] derived a simple formula for conditional
Wiener integrals containing the time integral with the conditioning function
Xy 0 Cpl0,T] — R™ given by X,,(z) = (z(t1), ..., x(tn)). Furthermore, they [8]
extended the formula in 7] with the conditioning function Z,, : Cy[0,T] — R™
given by Z,(z) = (fOT e1(t)dx(t), ..., fOT en(t)dx(t)), where ey,...,e, are in
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L?[0,T]. In their simple formulas, they expressed the conditional Wiener in-
tegrals directly in terms of ordinary Wiener integrals, which generalizes Yeh’s
inversion formula [12].

On the other hand, let C[0,T] denote the space of continuous real-valued
functions on the interval [0,77]. Ryu [10, 11] introduced a finite positive mea-
sure we,g;, on C[0,T7], where a, 5 : [0,T] — R are appropriate functions and ¢
is a finite positive measure on the Borel class B(R) of R. We note that wq g,
is exactly the Wiener measure on Cy[0,7T] if a(t) = 0, 8(¢t) =t for ¢ € [0,T]
and ¢ is the Dirac measure concentrated at 0. Let X, : C[0,7] — R"*! and
Y, : C[0,T] — R™ be the functions defined by X, (x) = (z(¢o), z(t1), ..., z(tn))
and Y (z) = (z(tg),x(t1),. .., 2(tn-1)), respectively. In [4,6], the author inves-
tigated properties of the Fourier-transform of the function W : C[0, T|x[0,T] —
R defined by W (x,t) = x(t). In fact, using the Fourier-transform of W, he de-
rived two simple evaluation formulas for Radon-Nikodym derivatives similar to
the conditional expectations of functions on C[0, 7] for the conditioning func-
tions X, and Y, which have a generalized drift «, a generalized variance func-
tion 8 and an initial weight ¢. As applications of the formulas he evaluated the

Radon- leodym derivatives of the functions F'(z fo t)]™dA(t)(m
N) and Gs(z fo (z,t)dA\(t)]* on C[0,T], Where Alis a (C—Valued Borel
measure.

For @ € C[0,T], let Zgn(x) = (a(to), fy er(t)da(t),..., [y en(t)da(t)),
where eq,...,e, are of bounded Varlatlons on [0,7]. In thls paper we de-

rive a simple evaluation formula for Radon-Nikodym derivatives similar to the
conditional expectations of functions on C[0, 7] for the more generalized condi-
tioning function Zg,, which also has a kind of drift «, the generalized variance
function g and the initial weight . As applications of the formula, we evalu-
ate the Radon-Nikodym derivatives of various functions on C[0, T'| which are of
interested in Feynman integration theory and quantum mechanics. In fact, we
calculate the derivatives of F', G3, a cylinder type function and the functions in
a Banach algebra which generalizes the Cameron-Storvick’s one [1]. We note
that W has a kind of drift  with the more generalized variance function [
while it has no drifts on Cy[0,T]. Furthermore, our underlying space C[0,T]
may not be a probability space so that the results of this paper generalize and
simplify those of [4,6,8,12] and [7] in which the works are the first results
among them.

2. A generalized analogue of Wiener space

In this section, we introduce a generalized analogue of Wiener space which
is our underlying space of this work.

Let a be absolutely continuous on [0,7] and let 8 be continuous, strictly
increasing on [0,7]. Let ¢ be a positive finite measure on B(R). For #, =
(to,t1,. .. tx) with 0 =t <ty < --- <t <T,let Jp : C[0,T] — R*"! be the

function given by J; (z) = (x(to), »(t1),...,x(tx)). For H;C:O B; € B(RF+1),
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the subset Jgkl(Hf:O Bj) of C[0,T] is called an interval I and let Z be the set
of all such intervals I. Define a premeasure mq g, on Z by

mape = [ [ W T vt ) de(wo)
0 J

where m, is the Lebesgue measure on B(R), and for ug € R, @ = (uy,...,ux) €
]Rk
1
(T i, o) ! '
W(t, Uk, uo) = | —3
ij1 2n[B(t5) — B(tj-1)]

1 " [uy — alty) — ujo1 + alt;—1))?
g eXp{ 2 2 B(t;) = Bt 1) }

The Borel o-algebra B(C[0,T]) of C[0,T] with the supremum norm, coincides
with the smallest o-algebra generated by Z and there exists a unique positive
finite measure wq, g, on B(C[0,T]) with wa g.,(I) = Mma g, (I) for all I € Z.
This measure wq g, is called a generalized analogue of Wiener measure on
(C[0,T7,B(C[0,T])) according to ¢ [10,11].

Now we introduce a useful lemma which is needed in the next section [4].

Lemma 2.1. Let 0 < s1 < s9 < s3 < T. Then the Fourier-transform

FW (-, s1), W(-,83) — W(-,82)) of (W(-,81), W(-,83) — W(-,82)) can be ex-
pressed by

FW(-,51), W(,83) = W(,52))(&1,62)
= mf(w(';sl))(fl)}—(w(WSB) —W(,s2))(&2)

for &1,& € R so that W(-,s1) and W (-, s3) — W (-, 82) are independent if p is
a probability measure.

Let v, 3 denote the Lebesgue-Stieltjes measure defined by v, g(E fE (la
+8)(t) for each Lebesgue measurable subset E of [0,T], where |« denotes the
total variation of . Define L2 5[0, 7] to be the space of functions on [0, 7] that
are square integrable with respect to Va5 [9]; that is,

Liﬁ[O,T]:{ [0,T] —>R‘/ N2 AV, 5( )<oo}.

The space L2, 4[0,T] is a Hilbert space and has the inner product

(f,9)ap = /f (t)dva,p(1).

We note that L?, 4[0,T] C L§ 4(0, T}, where L§ 5[0, T] denotes the space L2 40,

T] with o = 0. Slnce 10,5 < || lo, 3, the two norms ||-||o,s and ||-||«,5 are equiv-
alent on L2, 5[0, 7] by the open mapping theorem. Let S[0,T] be the collection
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of step functions on [0,7] and let fOT ¢(t)dz(t) denote the Riemann-Stieltjes

integral. For f € L(QXWB[QT]7 let {¢,} be a sequence of the step functions in

S[0, 7] with limy,—ec [[¢n — flla,s = 0. Define I, g(f) by the L?(C[0, T)-limit
T

Iog(f)(x) = lm [ ¢, (t)de(t)

n— oo 0

for all z € C[0,T] for which this limit exists or I, g(f)(z) = lim, 00 fOT ¢n(t)
dx(t) point-wisely if exists. We note that for € L7 5[0, T, o 5(f)(x) exists for
Wa g;p ae. € C[0,T]. Moreover, we have the following theorems [3].

Theorem 2.2. If f is of bounded variation on [0,T], then I, g(f)(z) = fOT f@)
dz(t) for wa,p,, a.e. x € C[0,T].

Throughout this paper, for € C[0,T], we redefine

/fdac

Theorem 2.3. Let f,g € Li’ﬁ[O,T]. Then we have the followings:

D) Jeomy Las(f)(@)dwa,pip(€) = @(R)La,p(f)(ar).
2) Jeo,rHos(H)@)]a,p(9)(@)]dwa, g (x) = @R[, 9)0,6+ [ (f) ()]
X[La,5(9) ()]

(3) I pg(f) is a normally distributed random variable with the mean I g(f)
a) and the variance ||f]|2 5 if p(R) = 1. In this case, the covariance
0,8

of In5(f) and o p(g) is given by (f,g)o,s

Let k be a positive integer, let X be an R*-valued Borel measurable function
defined for wq g;, a.e. € C[0,T] and let F': C[0,7] — C be integrable. Let
mx be the image measure on the Borel class B(R¥) of R* induced by X. By the
Radon-Nikodym theorem, there exists an m x-integrable function d“x defined

if fOT f(t)dz(t) exists.

on R* which is unique up to mx a.e. such that for every B € B(RF),

/ F(2) i s () = / 91X (i) dm (7).
X-1(B)

B dmx

Define the function jj‘n’; as the generalized conditional expectation of F' given
X and it is denoted by GE[F|X]. We note that GE[F|X] is a Radon-Nikodym
derivative rather than a conditional expectation since mx may not be a prob-
ability measure.

Lemma 2.4. Let X and F be as given above. Let 1) : R¥ — RF be a bijective
Borel measurable function. Then we have for myo.x a.e. £ € Rk

—

E[F|(¢ 0 X))(€) = GE[F|X)(&™}(€))-
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Proof. By the definition of generalized conditional expectation and the change
of variable theorem, we have for B € B(R¥)

/ GEF|( o X)) (E)dmyox (€) = / F(2) i 5.0 ()
B X-1(y~1(B))

_ / GE[F|X](€)dmx (€)
Y=1(B)

— —

= [ GEIFIXIw ™ @)dlms 007

= [ GEIFIXIw @)dmyex
Now, by the uniqueness of Radon-Nikodym derivative, we have this lemma. O

3. A simple formula for the generalized conditional expectation

In this section, we derive a simple evaluation formula for the generalized
conditional expectation.

Let {e1,...,e,} be a set of functions in L2 4[0,T] such that {ei1,...,e,} is
orthonormal in L§ 4[0,T]. Such sets always exist:

Example 3.1. (1) Let {1,¢t,...,t""!} be a set of polynomials on [0, T'] and
let {f1,..., fn} be the set obtained by the Gram-Schmidt orthonormal-
ization process in Lg 4[0,T]. Then it is clear that the set {f1,..., fa}
satisfies the desired condition.

(2) Let 7: 0 =19 < t; < --- < t, = T be a partition of [0,T]. For
j=1,...,n,let
1

(1 91(6) = e X1 (6) or 9 € 0T}

Then it is clear that the set {g1,...,g,} satisfies the desired condition.
Each g, is also of bounded variation on [0, 7. Using this orthonormal
set, we will simplify the results related to the simple formulas with the
conditioning functions X, and Y; [4,6].

Let V,, be the subset of L§ 5[0, T] generated by {ei,...,e,} and let V- be
the orthogonal complement of V,,. Let Pz, g : Lg’B[O,T] — V, and Pz, E
L 510, 7] — VL be the orthogonal projections, where

n

Pz pv = Z<U, ej)o,p¢e; for v € L%)B[O,T].
j=1
It is clear that Pg,, gv belongs to L2, 4[0,T] for v € L§ 4[0,T] and Pénﬁv
belongs to L2 5[0, T] if v € L2 4[0,T]. Let z(z) = x(0) for z € C[0,T]. For
each j =1,...,n, define z; and Z,, by z;(z) = I, g(e;)(x) and

Zen(x) = (20(x), 21(x), ..., 2n(x))
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for wq g, ae. € C[0,T]. For s € [0,T], wapy ae. x € C[0,T] and E:
(503517 e 7571) S Rn+1, let

Ten,8(8) = 20(2) + Lo,5(Pe.n,sX0,5) (T)

and

Exn,p(s) = o + Z(eja X[0,5])0,85;-

Jj=1

Note that for 0 < s <t < T, we have by the Schwarz’s inequality
(&7, X10.5100.8 — (€5, X10.0)0.81° < lles 15 518(t) — B(s)]

so that zz,, g and 5571 s are absolutely continuous on [0, 7] since § is increasing.

Throughout this paper, we assume that each e; is of bounded variation on
[0, T]. Note that Pep gv(v € L§ 5[0, T]) is of bounded variation on [0, 7] and so
is P+ v if v is of bounded variation on [0,T]. Moreover, we have the following

e,n
propertles:

(P1) For wq g, a.e. z € C[0,T] and s € [0,T], we have by the linearity of

Log, Ten,6(s) = 2o(x) + 20— (€), X[0,5])0,6% (¥)-
(P2) For wa,g,p ae. € C[0,T] and s € [0,T], we have by Theorem 2.2,

x(s) xen,B fO X[0,s] — P€n,BX[Os])( ) fO Pe.,L@X[Os])( )
dz(u) = T ,B(Pe,n,5X[0,s]>( x) so that I ,B(Pé,n,BX[0,~])( x) belongs to
Clo,T).

(P3) For 0 < s1 < 83 < T, (Pz, sX(0.51]» P sX[0,520)0,8 = B(s1) — B(0) —
1=1(X[0,51]> €1)0,8(X[0,52]> €1)0,8-

Theorem 3.2. If o(R) = 1, then {Ia,ﬁ(Pén,gX[o,s]) :0<s<T} and z; are
stochastically independent for 7 =0,1,2,...,n.

Proof. For s € [0,T] and j = 1,...,n, we have by the orthonormality of e;s

n
<PenBX[Os]’e]>05 - <X[05 e] 0,8 — Z XJ0,s]» el 0,8 el76]> 0,8
=1

<X[Os 6]> <X[Os 6J>0/6_O

so that the independence of {Iaﬁ(Pan,ﬁX[O,s]) :0 < s < T} and z; fol-
lows from Theorem 2.3. To complete the proof, we must prove that zy and
Io.5(Pz, 5X[0,s]) are independent. Let F denote the Fourier transform and

forl € N, let 7; = %j for j = 0,1,...,I. Then for &,& € R, we have by
Lemma 2.1, (P2) and the dominated convergence theorem

F(z0, 1o (73L aX[0,5)))(€1,82)
- / exp{il€120(2) + E2Ta 5 (P 5X(0.4)(@)] bt g ()
clo,T]
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l
= lim exp |:£1W Z, 0 +522( en,ﬁX[O,S])(Tj)[W(x7Tj)

e [ ol e s
}

l
= Fveoe) [ eXp{iEz lim > (P, 5x(0.) ()W (2, 7)

— Wz, 7j-1) ] dwe, g (x

=W (o, 75-0)] b, (0

= F(20)(€0)F (Lo, (P, sx[0, 51)) (€2)
which completes the proof.

By Theorem 3.2 and (P1), we have the following corollary.

615

Corollary 3.3. {I,5(Pz, sX0,5) : 0 < s < T} and {wenp(s) 10 <s <T}

are stochastically independent if p(R) = 1.

Using the same process used in the proof of [8, Theorem 2] and [4, Theorem
4] with aid of (P2), Theorem 3.2 and Corollary 3.3, we have the following

theorem.

Theorem 3.4. Let oy = ﬁap and suppose that F : C[0,T] — C is integrable.

Then we have for mz, , a.e. £ e RH!

E[F|Z2,](€) = /C 1y P3P0 )(@) G )i )

For s, ¢ € [tj1, ], let 95 (1) = 5=y and @ (s.1) = [5(t5) = B()h; (1)

For s € [0,T], 7€ R and £ = (€0,&1,..., &) € R et

—

=(n, €)(s)
" B(s) — B(t; 1)
+ ti 1.t 1 B(ti—1) + &j
Z: tr-108 {Z’ N T

and

Et, (1)(8) = X{0,t,-1) ($)2(n = L1)(8) + X, 1,21 () E(n — 1,77) (En—1)-
For z € C[0,T], define the polygonal functions Pg(x) and P, g(z) of = by
(2) Ps(x)(s)

= X1o0}(s +ZX ty 1, (8T (ti—1) +v5(8)[x(t) — 2(tj-1)]]
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and

(3) P, 5(7)(8) = X(0,t,_1)(5) P (x)(8) + X{t,,_1.,£.1(8) P3(2) (tn-1)

for s € [0, T)]. Similarly, the polygonal functions Ps(€) and Py, 5(£) on [0, T] are

defined by (2) and (3), respectively, with replacing z(t;) by &; for j = 0,1,...,n

Throughout this paper, we will use the notation § in place of € when e; is

replaced by g; which is given by (1).

Corollary 3.5. Let F : C[0,T] — C be integrable. Then the followings hold:
(1) Formgz,, a.e. € e R we have

(4) GE[F|Zgn)(€) = /C[O . F(x = Pg(x) + E(n,§))dwa pip, (7),

where my, . is the measure on B(R™ 1) induced by Zg,,.
(2) For My, G-C 77 € R™, we have

() GEIFIZgrl) = [ Fla =P pla) + 51, (0)dtn, i ().
C[o,T]
Proof. For wq g, a.e. x € C[0,T], we have z7, (0) = 2(0) = P3(z)(0) and
for s € (tjfl,tj]
g.n,6(5)

= Zo(x) + Z<gl7X[O,s]>0,51a,5(gl)<$)

=1

s T
+Zﬁ tl tl 1)/ X[tl—lytl](u)dﬂ(u)/or X[tthtz](u)dx(u)

+Z (1) — w(ti1)] + 75 (s)[2(t;) — 2(t;1)] = Pp(a)(s)

I=1
by Theorem 2.2 and (P1). We also have gg’,n,ﬂ(o) =& = 2(n,&)(0) and for
€:(€07£17"'7£n) Rn+1

EGn,a(s 50+Z§z 91, X[0,5])0,8

=1
_€0+Z\/ﬁ/ (1,0 (w)dB(u)
Bs) —Blti-) , _ o
—€o+Z§z Blli-1) + —mes ﬂ(ﬂ)g = Z(n, €)(s)

=

so that 27, 5 = Ps(z) and &, 5 = Z(n,€). By (P2) and Theorem 3.4, we
have (4).
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To prove (5), it suffices to prove by the above process that 75 ,—1,58 = Z¢, (7)
and x5,-18 = P, g(x) for wa g, a.e. x € C[0,T]. Indeed, we clearly have
Tgn-1,6(s) = P, 5($)(5) and 7z,n—1,5(s) = Ey, (7)(s) for s € [0,t,-1). More-
over, for s € [t,_1,tn], we have by Theorem 2.2 and (P1)

Tgn—1,6(5)
n—1 1 s T
=200+ 3 5, e @a0 [ i@ )

Similarly, we have 7z ,—1 g(s) = 1o + Zz Lo/B) — Blti1) = Z(n — 1,7)
(tn-1) = ¢, (7)(s), where 7 = (10,71, ...,Mn—1), S0 that z5,_15 = P, ()
and 75 n—1,8 = =4, (77) as desired. 0

We now have Theorem 4 in [4] as a corollary of Theorem 3.4.

Corollary 3.6. Let F : C[0,T] — C be integrable. Then the followings hold:
(1) For mx, a.e. £ € Rt GE[F\X ](_) is given by the right-hand side
of (4) with replacing Z(n, &) by Ps(¢ ).
(2) For my. a.e. 7 € R", GE[F|Y;](7]) is given by the right-hand side of
(5) with replacing Z;, (ﬁ) by P, 5(1).

Proof. For £ = (£&,61,...,&,) € RV define ¢ : R — R

¢(_><§07 &1 — o ’ S—& o §n —&n—1 >

VB(tr) = Blto)” V/B(t2) — B(t1) B(tn) = Bltn-1)
which is a bijective, bi-continuous function. Since Zz, = ¢ o X, we have for
mx. ae. €R

E[F|X,](€) = GE[F|Z5,.)(4(&))

- / F( — Po(z) + E(n, (6)))dwio g ()
clo,1]

= =

by Lemma 2.4 and (4). We also have Z(n, ¢(£))(0) = & = P3(£)(0) and

J—1

E(n, ¢(€))(s) = o+ Y _(& = &-1) +7i(8)(& —&-1) = Pa(€)(s)
=1

— —

for s € (tjfl,tj] so that E(n,gb( )) = Pﬁ( )’ which implies (1) For 77 =
(N0s My -+ Mn—1) € R™, let

¢1(ﬁ) _ <n0’ m — "o ’ 2 — M L NMn—1 — Nn—2 )
VB(t) = Blto) /B(t2) — B(t1) VB(ta—1) = B(tn—2)
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To prove (2), it suffices to show, by the above process, that =Z; (¢1(77)) =
P, 5(17) by (5). Indeed, we have =, (¢1(77))(s) = Pz, 5(77)(s) for s € [0,2,-1).
Moreover, for s € [t,—1,tn], we have

n—1

Er, (61(M)(8) =m0+ > (m = m—1) =1 = Pr,_5(i7)(s)
=1

so that we also have E; (¢1(7)) = P, g(7]) as desired. O
Letting n = 1 in (5), we have the following corollary.

Corollary 3.7. We have for m,, a.e. n € R

GE[F|zo](n) = /C gy 0 5 v (2

Remark 3.8. By Corollary 3.6 and Theorem 2.3 of [6], we have for my, a.e.
ﬁ: (770’7717 e 77)n—1) S R"

[ P Popl@) + Pro s )i o @)
C[0,T7]

= GELFY ) = | W1, 1) GELFL o (),
where 7, = (10,71, - - - s M1, Nn) and
W(nnflann)

. 1 % ox _ [nn — Nn—1 — a(tn) + a(t’ﬂfl)]Q
- [%w(tn) - ﬂ(tn_nﬂ p{ 2[B(tn) — Bltw—1)] }

4. Applications to the time integrals

In this section we apply the simple formulas as given in the previous section,
to various functions, in particular, the time integrals on C10,T].

Example 4.1. For m € N and ¢t € [0,T], let Fy(z) = [x(t)]™ for x € C[0,T]
and suppose that fR |u|"dp(u) < co. Then Fy is wq,g;,-integrable by Theorem
7 of [4]. Now by Theorems 2.2, 2.3, 3.4 and Theorem 7 of [4], we have for mz,

ae. £ € RHL
(6) GE[F|Zz0)(€)

- / Lo s(P 5X0.0)(@) + Exm s (D] s 0 ()
Clo,T]

(%]

m! > m—
= Z m[ﬁan,ﬁ(@ + Ia»ﬁ(Pé:n,,ﬁX[O,t])(a)] 2k|\P€L,n,;3X[o,t] ||(2){Cﬁa
k=0 ’ ’

where [-] denotes the greatest integer function. In addition, we have

Lo p(Pgn gXi0.0) () = o(t) = agn,p(t) = alt) — Ps(a)(t)
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by (P2) and Corollary 3.5. For t € [t;_1,t;], we also have by (P3)

2 o [B(t) — Blter)) B(t) — B(t;-1)]?
Hp_c%n,ﬁX[O,t] HO,B = B(t) — B(0) — ; [5((::) - ﬁ((tkk1))] a [ﬁgtj) — B((t]z])
= ®,(¢,1).

By Corollary 3.5, we now have for mz_  a.e. 56 RnH1
(%]

M GERIZ)E) = Y g B OO + o)
2 i 20

— Pa(a) (0] [@;(t, 0)]F = G1 (1. ).
Note that we can obtain [6, Theorem 3.6] and [4, Theorem 7] by Corollary 3.6.

Example 4.2. Let the assumptions be as given in Example 4.1. Then for
mz,.,._, a.e. 17 €R" GE[F|Zz,-1](1) is given by

[FtIZé*n—l](n)

= Z Zkk' — Zk: [nan—l,ﬁ(t) + Ia,B(Pe“L,nfLﬂX[o,t])(a)]m_%

X Hpanq,ﬁX[o,t]Ho,ﬁ
by Theorems 2.2, 2.3 and 3.4 if we use the same process in the proof of Theorem
7 in [4]. In addition, using the same process in Example 4.1 with aid of Corollary
3.5, we can prove that for t € [t;_1,t;] (j =1,...,n—1) and for mz, _, ae.
77 € R", GE[F}|Zg n—1](7) is given by the right- hand side of (7) with replacing
=(n, &)(t) and Ps(t) by Ey, (7)(t) and P, g(t), respectively. Moreover, we have
for t € [tn_1,tn)

Lo 6(Psn—1,8X0.4)(@) = a(t) = Py, p(@)(t) = a(t) — a(tn-1)
by (P2) and Corollary 3.5. We also have by (P3)

2
1Pt X0l = Z t:k 11>)] — B(t) — Bltn ).

Now, we have

<

[

>

|

m!
2kk'(m 2k)! =

(tn—1)I™2*[B(t) — B(tn-1)]" = Ga(t,7)

by Corollary 3.5. Using Corollary 3.6, we can also prove that for my, a.e.
= (No,M,---,Mm—1) € R™, GE[F]|Y;|(77) is given by (8) with replacing
¢, (M) (tn-1) by Nn—1. In particular, letting n = 1, we have for m,, a.e. n € R

9) GE[Fo|z](n) =n™

®)  GE[F:|Zgn](7]) = Et, (M) (tn-1) + a(t)

Q"“M

m=

/—\
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Note that, in Theorem 3.7 of [6], GE[F¢|Y;](7]) is expressed by

3] (3 —H |
m:

EFY10) = 2RI (m — 2k — 21)!

[77n71 +a(t)

k=0 1=0

271
-~ alta ", 1| S < e

which coincides with our present result as above by the following calculation:
We have by the binomial expansion theorem

[z

o=

K = 323 g gm =gt + 20~ el ot 0]
B(t) — B Pt
8 [ (tn tn— 1)]

t)—ﬂ( _1>12 o
) [ B(tn) — Bltn1) ]
(2]
= 211'(mm'2l)[77"_1 +a(t) — a(tn_l)]m—” @, (t,1)
=0
w() ﬂ( - 1)]2]l
(2]
= m:&!_%)![fln—l +a(t) = alty-1)]" "2 [B(t) = Bltn-1))'
=0

so that the formula in Theorem 3.4 can be used to simply the generalized
conditional expectations which are evaluated by the formulas in [4,6], that is,
the formulas in this paper generalize and simplify those in [4, 6].

Now we can obtain the following example by Example 4.1.

Example 4.3. For m € N, let F(z fo )™ dA(t) for € C[0,T], where
A is a finite complex measure on the Borel class of [0,T], and suppose that
o lu[™dp(u) < co. Then for myz. ae. £ € R, GEI|F|Zz,)(€) is given by

- T —
E[F|Ze.) () = / GEIF| Ze) €)dA(D),
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where GE[F,| Zz,)(€) is expressed by (6). In addition, we have for mz,, a.e.
é- = (607517 cee 7§n) S Rn+1

(10) GE[F|Z; ana m)\{t}+Z/ G4 (t, E)dA(t),

(tj—1,t5)

where G (¢, 5) is given by the right-hand side of (7). We note that [4, Theorem
8] can be obtained from (10) by Corollary 3.6. In particular, if a(t) = Pg(a)(t)
and A(t) = B(¢) for ¢t € [0,T], then we have by Lemma 2.4, Corollary 3.6 and
Corollary 3.9 of [6]

GE[F|Z)()
— GE[F|X,)(¢~ @)
n BEImoZ (1 k)(B(E) — Bty )] R E (n, ) (1) 2]
1,; g 21 (m — 2k — 1)!(1 + 2k + 1)!
W, (&).

Example 4.4. Let the assumptions be as given in Example 4.3. Then for
a.e. 7€ R", GE[F|Zz,,_1](7) is given by

MZs 1

BF| Zen1)() = / GBI Zen1)()dA(E)

from Example 4.2. In addition, for mz,  _, a.e. 7= Moy Ms- -y Mn—1) € R,
we have by Example 4.2

|
—

n n—1

BIF| Zgna)() = S [0 (7)) {t}+z / Gy (1, MA(t)

ti—1,t; )
/ Ga(t, (D),
(tn—1,T]

where G and Gy are given by (7) and (8), respectively. We note that [6,
Theorem 3.8] can be obtained from the above equality by Corollary 3.6. In
particular, letting n = 1, we have for m,, a.e. n € R

<.
Il
o

+

I

T
BIFlal(n) = 3 e | 1+ a0 = a(0]" 2 {3(0) = B0)/“dx()
k=0

by (9). Moreover, if the support of A is contained in {tg, t1,...,%,}, then GE[F|
Zgn—1](77) is reduced to

n—1

GE[F| Zgn—1)() = Y Mt D Ee, (D™ + A({ta}) Ga (tn, 7)-

7=0
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Note that the final result of [6, Theorem 3.8] can be also obtained from the
above equality by Corollary 3.6. Furthermore, if a(t) = P, g()(t) and A(t) =
B(t) for t € [0,T], then we have by (8) and Corollary 3.9 of [6]

(%] '
m!
prd 2H 1+ 1)l(m —21)!

X [Ee, (M) =)™ 2 [B(tn) = Blta—1)]
By Lemma 2.4, Corollary 3.6 and (11), we have for my, a.e. 7€ R"
(12) GE[F[Y:](17)
GE[F|Zgn-1](1(7))

(11) GE[F|Zgn-1)(7]) = V1 () +

1% m—2k m'(l + k)'[ﬁ(tj) o ﬁ(tjfl)]k+177;n_712kil(77j o njfl)l
2k (m — 2k — D)I(1 + 2k + 1)!

n

m

j=1k=0 1=0
[

2

+
=0

Note that in Corollary 3.9 of [6], the last term of (12) is expressed by
(5] 1

201 + ﬁm it Bltn) = Bltn-1) .

—k

NE
3

ml (2 + k)22 [B(tn) — B(tn—1)] T
2+RIN (m — 2k — 21)!(21 + 2k + 1)!

= Kl (77”_1).
k=0 [=0

Indeed, we have by Chu Shih-Chieh’s identity [2]

S @ — k)28t — B(tar)]
201 — k)l(m — 20)!(20 + 1)

B

3

¥l

Kl(nn—l) -
k

—
~ |l

SEN]

— o

m! (2L — k)P [B(tn) = Blta—1)]"
201 — k)!(m — 20)1(20 + 1)!

I
(]

k=0

il 2 [B(tn) — Blta—1)] = (20 —
2(m — 20)!(21 + 1)! 0< l )

ﬁN
I
o

NE

Il
g

ﬁN
I
=3

o3

il [B(tn) — Bltn—1)]F (20 +1
2l(m — 20)!(21 + 1)! (H— 1)

I
% L[]

GE

21(1 + 1)77'1('m gyt [Btn) = Bltn-n)]

~
Il
=]

which coincides with the last term of (12).

Example 4.5. Let s1,$2 € [0,7] and let G(s1,s2,2) = x(s1)z(s2) for x €
C[0,T). Then G(s1,s2,) is wq, g,,-integrable by [4, Theorem 5] so that we
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have for mz, , a.e. £ € R"*!

—

GE[G(Slv 52, ')|Z€,n}( )
- / Lo s (P sXi0.001) (&) + x5 (51)]
Clo,T]

X [Ia,ﬁ(Pe%n,ﬁX[O»Sz])(x) + g€,n7ﬂ(52)]dwa,ﬁwo ()
= (Pen,6X(0,51)> Pern,6X(0,521)0,6
+ & (51) + Las(PE, 5X(0,51) (@) €25 (52) + Lo (PE, 5X[0,5)) ()]
by Theorems 2.3 and 3.4.
Lemma 4.6. Let s; € [tj_1,t;], 52 € [tp—1,tx] for 1 <j <k <n.

(1) If j # k, then we have <P~ngX[0 31],’P~nﬁxo s2))0,8 = 0.
(2) If j =k and s1 < s, then <79~n/3X[0 31]773;”,5)([0,52])0,5 = ®;(s2,51).

Proof. Suppose that j # k. Now we have s1 < s9 and we have by (P3)

Jj—1 2
B(t1) — Bti—
<P§L,n,BX[0,31]aPg?L,n,BX[0782}>0ﬁ - 5(81) a B(O) - =1 [6((7;)) - ﬁ((él_ll))]

[B(s1) = B(t;-)[B(E;) — B(tj-1)]

- =0
B(t;) — B(tj-1)
which proves (1). If j = k and s < s9, then we have by (P3)
i—1
L . _ T (tk) B(tr-1)]*
(Pgn.5X10.511 Piin,pX[0.521)0,8 = B(s 2 B(t) — Bltr 1)
_ [B(s1) = B(t;-1)][B(s2) — B(t;-1)]
B(t5) — B(tj-1)
= ®;(s2,51)
which proves (2). O

Lemma 4.7. Under the assumptions as in Lemma 4.6, we have the followings:

(1) If j # k, then Pz, 1 5X(0,51]» Pgn_1.5X[0,52])0.8 = 0.
(2) If1<j=k<n-—1and s; < s9, then

<’P;:n 1,8X[0,s1]> ,Pan 1,8X]o0, 52]>0,3_q> (32751)

(3) If j = k =n and s1 < sg, then <77~n 1.5X[0, 91],Pgn 1,8X[0, 20,8 =
B(s1) = B(tn-1)-

Proof. The proofs of (1) and (2) are similar to the proofs of (1) and (2),
respectively, in Lemma 4.6. To complete the proof, it suffices to prove (3).
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Indeed we have

n 1

1 1
<P§7n—17BX[0751]7P§7n—1,BX[0752]>076 Z
=1

= B(s1) = B(tn-1).
which completes the proof. O

Bti—))?
Bti—1)

Example 4.8. Let s1 € [tj_1,t;], s2 € [ts—1,tg]) for 1 < j < k < n and let
G(s1, 82,x) = z(s1)x(s2) for x € C[0,T]. Then, by Corollary 3.5, Example 4.5
and Lemma 4.6, we have the followings:

(1) If j # k, then for mz,  a.e. € e R we have
[ (817 52, )lZg n](g)
= [E(n,)(s1) + als1) — Ps(a)(s1)][E(n, §)(s2) + a(s2) — Ps()(s2)]-
(2) If j = k and s1 < so, then we have for mz,, a.e. Ee R+l
GE[G(s1,52,)| Zz.n) (€)
= [E(n,€)(51) + a(s1) — Pa(a)(s1)][E(n, §)(s2) + a(s2) — Ps()(s2)]
—+ @j(Sg,Sl).

Example 4.9. Let the assumptions be as in Example 4.8. Then, by Corollary
3.5, Examples 4.2, 4.5 and Lemma 4.7, we have the followings:

(1) f1<j<k<n-—1,then formg,  _,
GE[ (51a527')| ]( )
= 50, () (s1) + (31) — Po (@) (31)][Ee, (Ds2) + (o) = Poy p(a) o)

a.e. 17 € R™ we have

(2) f1<j=k<n-—1and sy < sy, then for mz, _ ae. 7€R",
GE[G(s1,52,")|Zgn-1](7)

= [Ee, (M (s1) + 0(51) — P, p(a)(s1)][Ee, (M) (s2) + als2) — Pr, () (s2)]
+(I>j(82,81).

(3) If1<j<n-—1andk =n, then for mz_ _,
GE[G(517827 ')|Z§’n*1](ﬁ)

— [Eu, (7)(51) + als1) = Poy,s(@)(50)]Es, (1) (ta1) + a(s2) — altn-1)]-

(4) If j =k =n and s; < s9, then for mz,
GE[G(Sh 52, ')|Z§,n—1](ﬁ)

= B, (D (tn1) + al51) — altn1)][Ee (D) (En_1) + a(53) — Altn_1)
+ ﬁ(sl) - /B(tn—l)'
In particular, we have for m,, a.e. n € R
GE[G(s1,52,)]20](n) = [0+ a(s1) — a(0)][n + a(s2) — a(0)] + B(s1) — B(0).

a.e. 17 € R", we have

a.e. 17 € R™, we have

,m—1
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Remark 4.10. Note that [4, Theorem 5] and [6, Theorem 3.2] can be also ob-
tained from Corollary 3.6.

We now have the following theorem from [6, Theorem 3.3], Theorem 3.4 and
Example 4.5.

Theorem 4.11. For xz € C[0,T], let G3(z) = [fOTx(t)d)\(t)]z, where X is a fi-
nite complex measure on the Borel class of [0,T]. Suppose that fOT [ (t))2d|\|(¢)
<00 and [, u?de(u) < oco. Then for myz,  a.e. € e R, we have

T T
GE[Gs\Zé,n](ﬁ)Z/ / (P X (0,51] Pan,gX(0,521)0,84A% (51, 52)
0 0
T_’ 2
n [ [ el + Pl o @A)

Using the same method as used in the proofs in Theorems 3.3 and 3.5 of [6]
with aid of Lemmas 4.6 and 4.7, Examples 4.8 and 4.9, and Theorem 4.11, we
can prove the following corollary.

Corollary 4.12. Let the assumptions be as given in Theorem 4.11.

(1) Formz,, a.e. £ e R, we have
. T T
GE[G3|Z*7TL](£) = / / A(Sl \/52,81/\82)(1)\2(81,52)
o Jo

T 2
#| [ B0+ als) - Pr@)oline)| |
where A(s,t) = Z?Zl Xit;_1,t,]2 (8, 1) @5(s, ) for (s,t) € (0,72, 51Vsg =

max{sy, s2} and s; A so = min{sy, sa}.
(2) Formg,  _, a.e. 7= (no,M,...,Mn—1) € R", we have

GE[G3|Zg,n-1](7)

tn—l tn—l T T
- / / A(s1V 52, 51 A 53)dA2(s1, 52) + / / [B(s1 A s2)
0 0 tnfl tnfl

— Blta_ )N (51, 52) + { / " B0 (7)(5) + a(s) — Ps(a)()}dA(s)

2
+ /(tnhT] [a(t) — a(tn-1) + Zt, (ﬁ)(tnl)]d)\(t)} .

In particular, for m,, a.e. n € R we have

GE|[G3|z0](n)

T T T
:/ / [5(31AsZ)—ﬂ(O)]dv(sl,SQHU [a(t) — a(0) + nJdA(t)
0 0 0

2
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Remark 4.13. Theorems 3.3 and 3.5 of [6] can be also obtained from Corollaries
3.6 and 4.12 so that Theorem 4.11 extends the results of [6].

5. More applications of the simple formula

In this section we apply the simple formulas as given in the previous section,
to the cylinder type functions and the functions in a Banach algebra [5] which
are of significant in Feynman integration theory and quantum mechanics. For
these purposes, we need the following lemma.

Lemma 5.1. For f € LZ”@[O,T], we have for wq g, a.e. v € C[0,T]
Ia,ﬂ(f)(la,B(Pé‘%n,ﬁX[O,-])(w)) = a,ﬁ(fpc%n,ﬁf)(w)'

Proof. Let {¢:}72, be a sequence in S[0,T] such that lim;_ ||¢1 — flla,s = 0.
Since the two norms || - [lo,s and | - [|la,s are equivalent on L2 5[0, 7] and Péfn,ﬁ
is bounded with the norm || - ||, 3, we have lim;_, o, \\Pén7ﬁ¢)l - Pe%n”@ﬂ a,p =0.

By Corollary 3.11 of [3], we have lim; Ia’g(Péjnﬂ@) = Ia’g(Pe%nﬂf) in
L%(C0,TY) so that without loss of generality, we have for w, g., a.e. € C[0,7]

Iayﬁ(PéJ’:n,Bf)(x) = lligolo Ioéﬁ(’PéJ‘:n,,Bd)l)(x)'

For each | € N, let ¢; have the form ¢;(t) = Y_;_; ckxr, (t) for t € 0,77,
where r; € N, ¢ € R and the intervals Ij;, = (tix—1,t] C [0,T] are mutually
disjoint. Now, we have by (P2)

Iap(Pznpf)(@)

Tl
: 1
llir& I; ClkID‘,ﬁ(Pé',n,BX(tlk—l7tlk])(x)

T
llif?o Z Clk[IOé75 (’Pén,ﬁX[O,tlk])(x) - IanB (Pén,ﬁx[o,tlkfl])(x)]
k=1
= Jim T 5(60)(Ta 5(P&, 5X10,1) (2))
= Ios(f)La,s(P2, sX10,1)(x))
which is the desired result. O
5.1. The cylinder type functions

Let {v1,va,...,v,} be an orthonormal subset of Liﬁ[o, T). For convenience,
let

I, 3 (0)(x) = (In,g(v1)(x), ..., Ias(v.)(2)) for x € C[0,T).
Let F} be the cylinder type function of the form given by

Fr(x) = fr(Iaﬁ(ﬁ)(‘r))
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for wq, g, a.e. € C[0,T], where f, : R" — C is Borel measurable. Assume
that F, is integrable on C[0,T]. Then we have for mz, , a.e. £ e RH!

EIF| Zen)(€) = /C s (P 5X0.)(0) + o)t 0

= / fr(Ia,,B(Ul)(Ia,ﬁ(Pé,n,ﬂX[O,-})(x) + gé‘,n,ﬁ)a ceey
clo,1]
L () Lo p (P 5x10.0)(@) + Ex.5) )t i ()
- / FrTa s (P 50)(@) + Lo (5)(Enn ) div g0 ()
c[0,T]

by Theorem 3.4 and Lemma 5.1.
(1) Suppose that PJ- pvi = 0for j =1,...,r thatis, v; € V, for j =

1,...,r. In this case, we have for mz_  a.e. 56 R +!
BIEAZenl = [ s 0ot s (0) = FoEon )

(2) Suppose that P7, 5vj # 0 for some j, that is, v; ¢ V,, for some j. Let
{w1,...,w,, } be a maximal independent set obtained from {Pe%nﬁvl :
I=1,...,r}. Now, for j =1,...,7, let P&, gUj = 1=y cjiwy be the
linear combination of the w;s and let Az = [ay;],, x» be the transpose of

the coefficient matrix of the combinations. Then we have by Theorem
3.6 of [3]

E[F,|Zz,)(€) = /c[o,T] ((Zalﬂ 8 (wi)( Zarﬂ aw)( ))

+ Lo, (0 )(fe n,ﬂ))dwa,ﬁ;w (z)

. ' L1
{(%)”IM‘;I} erfr(UA et1a,p(v )(fen[j))exp{—2<Mg (@

L@@} T~ Lo p (@)@, b (@),
where Mg = [(wi,w;)0,plrxr15 Las(@)(@) = (lap(wi)(@),.. . Lap
(wy,)(@)) and (-,-),, denotes the dot product on R™. In particular,

if {Pén’ﬁvj :j =1,...,r} itself is an orthonormal set in Laﬁ[O,T],
then we have

GEIRIZel & = () [ o] 21 Ls(@En)
- Iaﬁ(%n,m(a)||$}dmz<ﬁ>.
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(3) Replacing e; by g;, we can obtain GE[FT|Z§’H](E) and GE[FT\XT](s
by Corollaries 3.5 and 3.6, where gg’n)g is replaced by Z(n, £) and Ps( _'),
respectively. We can also obtain GE[F,|Z;,-1](7) and GE[F,|Y;](7)
for 77 € R™ by the same corollaries, where f_’g,n’ﬁ is replaced by E; (7))
and P, g(7), respectively. In each case, Az, Mz and W depend on the

g;s. In aprticular, we have for m., a.e. n € R

g

GEIFLln) = | | L F@exe{ 5000771

s @) T~ Lo (0@, i (@
by Corollary 3.7 and Theorem 3.6 of [3], where My = [(v;,v;)0,8]rxr-

5.2. The functions in a Banach algebra

In this subsection we give an additional condition that |a|’(t) 4+ 8'(t) > 0 for
t € [0,T]. Let M, g be the class of complex measures of finite variations on the
Borel class B(LZ, 5[0, T]) of L2 4[0,T]. If p € Mg g, then we set ||ul| = vary,
the total variation of u over Li’ 510, T]. Now let Sa.p:4 be the space of functions
of the form

(13) P = [ eplilas(@han)

for all x € C[0,T)] for which the integral exists, where y € M, g. Here we take
| F']] = inf{[|u||}, where the infimum is taken for all x’s so that F" and yu are
related by (13). We note that S, g, is a Banach algebra [5].

For F € 84 ., given by (13), we have for mz, , a.e. £ e RH!

—

GE[F|Zzn](S)

- / F(In p(PEy 5X0.9) () + o )t g ()
clo,T]

- / / exp{illa s(Py 51)(@) + L g(F) Exng)] e oo ()
L2 40,1 JCl0,T]
du(f)
= [ e 5Pl B+ il (P D@ + s (DG )]
L2 5[0,T)
du(f)

by Theorem 2.3 and Lemma 5.1. Replacing e; by g;, we can obtain GE[F|Z;,]
(€) and GE[F|X,])(€) by Corollaries 3.5 and 3.6, where EE—,W is replaced by

— —

E(n, &) and Pg(¢), respectively. We can also obtain GE[F,|Zz,—1](7]) and
GE[F,|Y;](7) for 77 € R™ by the same corollaries, where 5}7,,,5 is replaced by



A SIMPLE FORMULA FOR RADON-NIKODYM DERIVATIVES OVER PATHS 629

=, () and Py, (1), respectively. In each case, Pén 5 depends on the g;s. In
particular, we have for m,, a.e. n € R

E[F|2](n) = /Liﬁw] eXP{—;fH(Qw +iIa,ﬁ(f)(a)}du(f)

by Corollary 3.7.

Remark 5.2. (1) Note that for f € Liyﬁ[O,T] and € = (£&,61,...,6n) €
R we havg the following more detailed expressions:
(@) To,p(f)(Eenp) = D oj=1 &i(fr €500,
(b) I ( Pznaf ) = Tas(f) (@) = 371 (f €j)0,81a,5(e;)(e) and
() || maf 158 = 1F13.5 = Xi-1(f i)

by Theorem 2.2 and the mean value theorem for the Riemann-Stieltjes
integral.
(2) For my. a.e. 7 € R™, we have by (2) of Corollary 3.6

o 1
@D = [, e3Pk sl
L2 0.7

L s (PEy s f)(a )+Ioeﬁ(f)(Ptn,B(ﬁm}dﬁb(f)~

In view of Remark 3.8, the above equality can be also obtained by
Theorem 2.3 of [6] using the following long calculations: For 7, =

(Mo, M- - s Mn—1) € R™ and 7, = (10,71, Mn—1,70) € R, we
have by formulas as above in (1)

exp{ 5172 ULos (Pl + fa,ﬁ<f><Pﬂ<ﬁn>>1}
= exp{ 5 171~ LU0 + 1| TaslDle) - thisil

X Ia,ﬁ(gj)(a) + IQ,B(Ptn,B(ﬁ)) + <f7 gn>0’ﬁ ﬁgfn )_777;;; _1):| }

and by the Fourier-transform of normal random variable, we also have

. T — Tln—1
/RW(%—unn)eXP{Z(ﬁgn)o,ﬁ ﬁ(tn)—ﬁ(tn_l)}dmL(%)

= oo 5. onlfs + Famdo sl s(an)(a) .

Hence we have by Theorem 2.3 of [6]

GE[F|Y,](i / W(tha—1, 1) GE[F| X, (i) dm (1)
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[1]

2]

3]

(4]

(8]
[9]
(10]
(11]

(12]
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1 n—1 .
= /L"C;’B[O,T] exp{—2 [f”g,ﬁ - jz::l<f7 9j>§75] +i {Ia,g(f)(a)

= 3950050 5)(0) + L (P )| )

1 .
L e 3IPh s+ Pl
a,B L

+fa,,@u)(Ptn,ﬁ(ﬁ))]}du(f)

which is the desired result. Once again we note that the formulas in this
paper can be used to simply the generalized conditional expectations
which are evaluated by the formulas in [4,6-8,12].
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