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STATIC AND RELATED CRITICAL SPACES WITH
HARMONIC CURVATURE AND THREE RICCI
EIGENVALUES

JoNGgsu Kim

ABSTRACT. In this article we make a local classification of n-dimensional
Riemannian manifolds (M, g) with harmonic curvature and less than four
Ricci eigenvalues which admit a smooth non constant solution f to the
following equation

1) V= f(r— —g) -+ y(R)g,

where V is the Levi-Civita connection of g, r is the Ricci tensor of g,
z is a constant and y(R) a function of the scalar curvature R. Indeed,
we showed that, in a neighborhood V' of each point in some open dense
subset of M, either (i) or (ii) below holds;

(i) (V, g, f + ) is a static space and isometric to a domain in the Rie-
mannian product of an Einstein manifold N and a static space (W, gw, f+
x), where gy is a warped product metric of an interval and an Einstein
manifold.

(ii) (V, g) is isometric to a domain in the warped product of an interval
and an Einstein manifold.

For the proof we use eigenvalue analysis based on the Codazzi tensor
properties of the Ricci tensor.

1. Introduction

A number of geometric spaces can be defined as the solutions of tensor field
equations which involve Hessian of a function. Gradient Ricci solitons or static
spaces are examples of such spaces.

Here we are interested in geometric spaces as follows: any Riemannian mani-
fold (M, g) of constant scalar curvature R with a smooth non constant function
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f satisfying the following equation with Hessian

(2) Vdf = f(r — %g) +z-r+y(R)g,

where V is the Levi-Civita connection of g, r is the Ricci curvature of g, x
is a constant and y(R) a function of R. As explained in [12], the collection
of solutions to (2) includes static spaces, Miao-Tam critical metrics, V-static
spaces and critical point metrics. There are lots of recent interests and devel-
opments for these spaces from various sources [1,3-5,7,8,14,15,17,18], but to
understand them in general is nontrivial.

In this article, we shall confine ourselves to study (2) among Riemannian
manifolds with harmonic curvature. This class of Riemannain manifolds has
already been well studied when the manifolds are compact, for critical point
metrics in [17] and Miao-Tam critical metrics in [2].

Harmonic curvature condition is interesting for its own sake. We recall
that Riemannian manifolds with harmonic curvature are characterized when it
admits at most two Ricci eigenvalues [6, Chap. 16] and [9]. So, we are interested
in the spaces satisfying (2) with harmonic curvature and more than two Ricci
eigenvalues.

Four dimensional spaces satisfying (2) with harmonic curvature have already
been characterized in [12]. The approach therein depends on eigenvalue anal-
ysis based on the so-called Codazzi tensors. Although it was effective enough
to yield explicit local and global description of the spaces, the computation be-
comes harder as the dimension of the manifold increases, leaving an interesting
challenge.

Here we search for what can be done in such approach for higher dimension.
Indeed, we managed to find a complete characterization of spaces with less
than four Ricci eigenvalues;

Theorem 1. Let (M™, g, f) be a (not necessarily complete) n-dimensional Rie-
mannian manifold satisfying (2) with harmonic curvature and less than four
distinct Ricci eigenvalues at each point. Then for each point in some open
dense subset of M, there exists a neighborhood V' such that one of the following
three assertions holds:

(i) there are Einstein manifolds (N*=1,g1) and (U™, go) with the Ricci
tensor relation 19" = (k —2)kogy and r92 = (n—k — 1)k, g2 for constants kq, ky,
such that

(V,g) is isometric to a domain in the Riemannian product of (N*~1, p?g)
for a constant p and a static space (W 1 .= I x U % ds?>+h(s)%Gs, f+2)
which is a warped product over an open interval I; the function h on I satisfies
(30), f+x =c-h'(s) for a constant ¢, and p satisfies (32). (V,g) has ezxactly
three distinct Ricci eigenvalues at each point. It holds that xnlfl +y =0 and
(V,g, f +x) is a static space.

(i) (V,g) is isometric to a domain in the warped product (I x N"~1 ds? +
h(s)%gn) where gy is an Einstein metric with the Ricci tensor 9% = (n—2)kgy
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for a constant k. The function h satisfies (h')? + n(ﬁl)fﬂ t2h o =k

for a constant a and W' — fh" = x(h" + n—lfl )+ y(R)h. (V,g) has exactly
two distinct Ricci eigenvalues at each point.
(iii) (V,g) is Einstein and a warped product over an interval; g = ds* +

(f'(s))2g, where s is a function such that Vs = Ig—fcl and g is Finstein. And f

satisfies f" = —%f + 22 + y(R).

Conversely, the Riemannian product of an Einstein metric and a warped-
product static space as described in (i) is a static space. Moreover, the warped
product metric and the function f as in (ii) or (iii) satisfy (2). All these have
harmonic curvature with less than four distinct Ricci eigenvalues at each point.

To prove this theorem we analyze various cases about Ricci eigenvalues,
based on the framework of [12]. On a space satisfying (2), the gradient V f of
the potential function f is known to be an eigenvector for the Ricci tensor. So,
we let By = % and form a Ricci-eigen orthonormal frame field E;, i =1,...,n
with corresponding eigenvalues ;. As A; plays a unique role, we divide the
proof into two cases; the first is when the space has Ay = \; for some ¢ > 1,
and the second is when A; # \; for any i > 1. We note that the argument of
resolving the first case, done in Section 3, may provide a way to analyze the
case of many eigenvalues.

In Section 2, we prepare for the framework of argument. In Section 3, we
prove the case when the space has three eigenvalues with A\; = \; for some
i > 1. In Section 4, we prove the case of three eigenvalues with Ay # \; for any
i > 1. In the last Section 5, we treat the case of one or two eigenvalues and
finish the proof of Theorem 1.

2. Preliminaries

In this section we recall some results from [12] with additional explanation.
A Riemannian metric has harmonic curvature if and only if the Ricci tensor is
a Codazzi tensor, written in local coordinates as Vir;; = V;r;, [6, Chap. 16].
A Riemannian manifold with harmonic curvature is real analytic in harmonic
coordinates [10]. Below we shall denote the Ricci tensor as r or R(, ).

Lemma 1. For an n-dimensional manifold (M™, g, f) with harmonic curvature
satisfying (2), it holds that

—R(X,Y,Z,Vf) = - R(X,Z)g(V[,Y) + R(Y, Z)g(Vf, X)

~ (V1 X0, 2) ~ (V1. Y)0(X. 2)).

Proof. The proof is the same as that of Lemma 2.2 of [12] except the difference
of dimensions. O

Lemma 2 (Lemma 2.3, [12]). Let (M", g, f) have harmonic curvature, satis-
fying (2). Let ¢ be a regular value of f and X, = {x| f(x) = ¢} be the level
surface of f. Then the following assertions hold:
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(i) Where Vf #0, Ey := % is an eigenvector field of r.
(if) |V f| is constant on a connected component of X..
iii) There is a function s locally defined with s(x) = i, so that ds = 4L
[dfT] [dfT]
and E1 = Vs.
(iv) R(E4, En) is constant on a connected component of ¥..
(v) Near a point in ¥, the metric g can be written as

g=ds*+ Z gij(s, 2, ..., xp)dr; @ dz;,
i,j>1
where xa, ..., %y, s a local coordinates system on ..
(Vi) VElEl =0.

For a point  in M, let E,.(x) be the number of distinct eigenvalues of the
Ricci tensor r,, and set M, = {x € M | E, is constant in a neighborhoodof =},
following Derdziriski [9], so that M, is an open dense subset of M. Then we
have:

Lemma 3 (Lemma 2.4, [12]). For a Riemannian metric g of dimension n > 4
with harmonic curvature, consider orthonormal vector fields E;, i = 1,...,n
such that R(E;,-) = Nig(E;,-). Then the followings hold in each connected
component of M,;
() (A= )(Ve, Ej, Ex) + E{R(E;, Ey)}
= (A = M)V, Ei, E) + E;{R(Ey, E;) for any i,j,k=1,...,n.
(11) Ifk 75 i and k 7é j, (/\j - )\k)<inEj,Ek> = ()\Z - >\k)<ijEi;Ek>'
(iii) Given distinct eigenfunctions A and p of the Ricci tensor r and local
vector fields v and u such that rv = v, ru = pu with |u| = 1, @t holds
v(p) = (1= A){Vuu,v).
(iv) For each eigenfunction \ of r, the A-eigenspace distribution is integrable
and its leaves are totally umbilic submanifolds of M.

Lemma 2 implies that for any point p in the open dense subset M,.N{V f # 0}
of M™ there is a neighborhood U of p where there exists an orthonormal Ricci-
eigenvector fields F;, i = 1,...,n such that

(i) Br = o

(ii) for i > 1, E; is tangent to smooth level hypersurfaces of f.

These local orthonormal Ricci-eigenvector fields {E;} shall be called an
adapted frame field of (M, g, f). We set (; :== —(V g, E;, 1) = (E;, Vg, Ey) for

. R(E;,)—f-L-g(E;,)+zR(E;, )+y(R)g(E;,-

So we may write:
(f +=)R(Ei, Bi) — ;25 f + y(R)
IVf] '

Due to Lemma 2, in a neighborhood of a point p € M, N {V f # 0}, f may be
considered as functions of the variable s only, and [/ := % =|Vf].

(3) inEl = CiE’i where Cz =
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Lemma 4. Let (M,g, f) be an n-dimensional space with harmonic curvature,
satisfying (2). The Ricci eigenfunctions \; associated to an adapted frame field
E; are constant on a connected component of a reqular level hypersurface . of
f, and so depend on the local variable s only. Moreover, (;, i =2,...,n, in (3)
also depend on s only. In particular, we have E;(X\;) = E;(Cx) =0 for ik > 1
and any j.

Proof. Lemma 3.1 of [12] gives the proof in the four dimensional case. Similar
argument can be given in higher dimension. One can refer to Lemma 3 in
[16]. O

3. Three eigenvalues with Ay = \; for some 7 > 1

In this section we shall prove that if an n-dimensional space (M™, g, f) with
harmonic curvature satisfying (2) has exactly three Ricci eigenvalues, then it
is not possible to have Ay = \; for some i > 1.

Assume that A\; = \; for some ¢ > 1. We may assume that \; = \; for
1 < <k, A1 = - = Xegmy Megmar = o = Ay and Ay, Agy1, Ay are
pairwise distinct.

By (3) and Lemma 2, setting p := f + x, we take (F;, F;) to (2) and get

//
(4) R11=%+ Bz

b

n—1 »p

R
(5) R’LZ_C’L ’[’L—l

where R;; == R(E;, E;) and z := 2L + y(R).
From the harmonic curvature condltlon we have 0 = V1 R;; — V;Ry; for
1 > 1, which gives

_z fori > 1,
p

/ R / 1

—GE gl gy

Note that p is not constant. Multlplylng the above by p?, we have

(6) G'p+z+Cp— G =0.
From A; = Ao, by (4) and (5), we get (o = %I,l. Put this into (6) and get
(7) p///p + Zp, . p/p// — O

Integrating, pp” — (p')? + zp + by = 0 for a constant b;. Multiply by 2p~3p’
to get 2p~2p'p"” — 2p73(p')3 + 22p~2p’ + 2b1p3p’ = 0. Integrating, p~2(p ’)2—
22p~ Y — bip~2 4 by = 0 for a constant by. We have

(8) (P')? = 22p + by — bap?,

(9) p’ =z — byp.



1440 J. KIM

From (4) and (9), R;; = R11 = —ba + n—lfl for 2 <i<k.

Now we shall exploit the equation —Rq;;1 = R;; — %, i > k+ 1 from
Lemma 1. From (3) and Lemma 2(vi), we compute Ri;;1 = —(’ — (2. So, we
get p(¢;' + ¢2) —p'¢i + 2 =0 from (5). Set ¢; = Z—/l and we obtain

(10) pu — p'ul + zu; = 0.

Notice that (10) is a linear second order differential equation for u; with one
solution being p’; see (7). To find the second solution by reduction of order, we
put u; = p’v into (10) and get a first order linear ODE for v': pp/v” + (2pp” —
(p’)?)v" = 0. With (8) and (9), this gives pp'v” = (bap? + b1)v’. Now, we have
Uiﬂ B (bap® + b1) . (bop® 4 b1)p’
Vo 'y’
_ (b2p2 + bl) p, _ {1 (2b2p — 22)
p(2zp + by — b2p?) p o (2zp+b1 —bop?)
By integration, for some constant C,
C C
(11) v = P___ P
22p + by — bop (')
Assume by > 0. From (8) and (9) p = co sin(v/ba(s—s0)) + i for some numbers

,__ C < sin(\/g(s—sO))-&-bi
¢p # 0and s9. By (11) v' = e (helo—an) 2

'

. Integrating, for a constant
¢, we achieve

C |« z 1 -
——sec(/ba(s — + ———=tan(/bo(s — + ¢}

{\/E ( 2(5 50)) b2 \/g Il( 2(5 SO)) C}

Any solution u; of (10) can be written as u; = dip’ + dap’v = p/'(dy + dav) for

constants d; and dp. Then §; = 3£ = 2 (7‘1;,‘*(‘;123125)‘121) =5+ dldjgw.

may write (; = %I// + C?’_{_v for a constant ¢;, i > k + 1.
On the other hand, we have R = Ry + Z?:Q Ry = k(=by + n—lfl) +

Z?:k+1{Ci% + % - %} Use (9), (11) and ¢; = 1;7 + =55 to get

12 =
( ) v C%bz

So we

1 1
1 Cm———— + (n—k— =
(13) ap —l—ka_H_'_U—&—(n m)cn_H] 0,
where a := (=5 —nby). Set 2 := cos(vbz(s — so)) and y := sin(v/b2(s — s0)).

Now (12) becomes v = ﬁ{co + éy + \/Eéx} We can write ¢; + v =
0
Cgl&%{co + éy + ¢z} for a constant ¢;.

From (13), acov/bax(ck+1 + v)(cn +v)+m(c, +v)+(n—k—m)(cry1 +v) =
0, which yields
aC{co + biy + ez H{eo + =

~ z N
y+ G} + megba{co + —y + &}
2 62 bz
z

+ (n — k- m)Con{CO -+ b
2

y+ ez} =0.
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By expanding, the above equation has the form of

(14) a12? + asxy + asy® + asx + asy + ag = 0,
where
o R N
2?2+ 9y% =1, a1 = aCecy 16, az = aC(cyy1 + cn)b—,
2
2
z
as = aCb—Q, aq = aCco(epy1 + En) + megbady, + (0 — k — m)cobacy’a,
2
as = 2aCcobi +(n— k:)c%bgbi and ag = aCci + (n — k)cibs.
2 2

From (14), (a1 — a3)x? + a3 + a4z + ag = —(agx + as)y. By taking squares, we
obtain {(a;—az)z?+az+asr+ag}? = (agw+as)?(1—22). We can easily see that
ay = as, ag =0, ag = a5 = 0 and a1 + ag = 0. So, ag = aC(ckt1 +c}L)i =0.
Note that C # 0.

If az # 0, then ¢ty + ¢, = 0. And a1 = a3 gives 0 < % = ck416n < 0.
Then we get cpy1 = ¢, = 0. Then ciy1 = ¢y, 80 (k41 = (n, a contradiction.

If a = 0, then ag = (n — k)coby and a3 = 0. As a; + ag = 0, we get bs = 0,
a contradiction to the assumption by > 0.

If z =0 and a # 0, then ag = 0. So, a; = aCciy1¢, = 0. We may assume
cir1 = 0. Then ag = aCc3 + (n — k)c2by = 0, so ag = aCcocy, + mcobady, =
(k —n 4+ m)cobacy,. We get ¢, = 0, a contradiction to cxi1 # ¢p.

We have gotten only contradictions, so we cannot have A\; = \; for some
> 1.

The other cases of by = 0 and by < 0 can be proved similarly and we omit
them. We have proved:

Lemma 5. Suppose that an n-dimensional manifold (M™, g, f) with harmonic
curvature satisfies (2) and has exactly three Ricci-eigenvectors. Then it is not
possible to have A\ = \; for some i > 1.

We remark that the argument for Lemma 5 may be extended to any number
of eigenvalues.

4. Three eigenvalues with A\ # \; for any 7 > 1

In this section we treat the case (M, g) has exactly three Ricci-eigenvectors
but Ay # A; for any ¢ > 1. We may assume that Ao = +-- = A\, £ A\pp1 = -+ =
An-

Lemma 6. Let (M, g, f) be an n-dimensional Riemannian manifold with har-
monic curvature satisfying (2). Suppose that for an adapted frame fields Ej,
j=1,...,n, in an open subset W of M, N {Vf # 0}, the eigenvalue A\ is
distinct from any other A; and Ao = -+ = A\ # Agy1 = -+ = An. Then there
exist coordinates (xy1 = $,Za,...,2,) in a neighborhood of each point in W
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such that Vs = % and g can be written as

(15) g = ds> +p(s)2j1 + h(s)2§2,

where p := p(s) and h := h(s) are smooth functions and g;, i = 1,2, is
a pull-back of an Einstein metric on a (k — 1)-dimensional domain N*1

with T, . ..,z coordinates, and on an (n — k)-dimensional domain U™~* with
Tht1, - -, Ln, TESPECtivEly.
We have Ey = %, E; = %ei, i=2,....,k and E; = %ej, i=k+1,...,n

where {e;} and {e;} are orthonormal frame fields on Uy and Us, respectively.
Proof. Fori € {2,...,k} and j € {k+1,...,n}, from Lemma 3(ii), we have
(X = XM){(Ve, Eis Ej) = (M — A)(VE, By, Ej).

As(Vg,E1,E;) =0by (3), (Vg, E;i, E;) = 0. By Lemma 2(vi) we get, Vg, E; =
Zle{z,m7k}7l¢i I'Y,E;. And [Ei, E;] belongs to the span of Fa,..., Ej. As the
span of Fs, ..., Ey is integrable by Lemma 3, so the span D; of Ey, Es, ..., Ef
is integrable. The span Do of Ejyy1,...,F, is also integrable. By a higher
dimensional version of Lemma 4.2 of [11], there exist local coordinates y; in
which a%i, 1 =1,...,k, span Dy and %, i = k+1,...,n, span Dy and
g= Zf’j:l f)ijdyi@dyj—i—zzjzkﬂ Gijdy; ©dy;, where © is the symmetric tensor
product and §;; are functions of y;, and Zle EfOE; = Zij:l Gijdy; © dy;
and Y00, EF O Bf = 3704y Gijdys © dy;, where Ef is the dual of E; with
respect to g.

By the symmetrical argument to the above, the span D3 of Ey, Fx41,..., E,
and the span Dy of Fs, ..., E} is integrable and so there exist local coordinates
z; in which Biz,;’ i=1and?=k+1,...,n, span D3, and 8%1" i =2,...,k,
span Dy so that g = guidz? + 307, 1 Jrdz1 © dz; + Z;L)j:kﬂ Gijdz; © dzj +
Zf_j:Q Gijdz; ©dzj, where g;; are functions of z;, where Ef O Ef +> 1, | Ef ©
Ef = gndd+ 30 udn Odzi+ X7y 1y 6ijdzi Odz; and Y, B O Bf =
Zf,j:Q Gijdz; © dz;.

Now recall the metric expression in Lemma 2(v). The functions s, 2, ..., 2,
Yk+1, - - - » Yn form local coordinates near a point and g = ds*+ 3 ., Ef O E}f =
k. ~
ds® + 307 g Gijdz © dzj + 370y vy Gijdyi © dy;.
Denoting by (1 := s, 22, ...,x,) the coordinates s, za, ..., Zk, Ykt1s-- -, Yns

the metric ¢ can be written as g = d52+2ij=2 gijdx;dz; +sz=k+1 gijdxidz;.

We write 0y = %, 0; = 6%1" From Lemma 3(ii), (iii) and Lemma 4, we have

(Ve,Ej,E,) =0fori,j €{2,...,k} and a=Fk+1,...,n. So, we should have

(Vo,0;,04) = 0. Computing the Christoffel symbol in local coordinates, we get
1

(16) 0 = <Vaiaj,aa> = —aﬁagij.
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By (3), (Vg Ei,B1) = —( for i € {2,...,k}. So we get (Vy,0;, 2) =
—(agij for 4,5 € {2,...,k}. Computing Vp,0;, we obtain

10
(17) C2gij = 395"

From (16) and (17), for 4,7 € {2,...,k}, we get g;; = e“iip(s)?, where the
function p(s) > 0 is independent of 4, j and each function C;; depends only on
Loy ., Tk- ~

Similarly, we can get g;; = e“iih(s)? for i,5 € {k+1,...,n}. So, g can be
written as g = ds? + p(s)2g1 + h(s)%ga, where g;, i = 1,2, is a Riemannian
metric on a (k — 1)-dimensional domain U; with xo, ...,z coordinates, and on
an (n — k)-dimensional domain Us with zx41,..., 2., respectively.

In local coordinates (x; := s,xa,...,2,), we shall write some Christofel

symbols Ffj and Ricci curvature of g. In this proof, for any (0,2)-tensor P,

P(ai7 ai) shall be denoted by P;;. We let Vv, f’fj and Rg; be the Levi-Civita
i Ou

connection, Christofel symbols and Ricci curvature of g;, respectively. For

i,5,0 €{2,...,k}, we get;

h p
Rij = =gy {pp" + (n — k)zpp’ +(k—2)p7 + RY;.

By the assumption Xy = --- = X, we have Rij = Xagi; = Aop®giy;. S0,
RY = Xap?Gry; + Gy op” + (n = ) 5pp + (k = 2)p). So, if k > 3, g is
Einstein. ~

Assume k = 3. From (18), for ,7,1 € {2,...,k}, we have V,q1,; = Vig1;; =
0 and VlRf; = @lRf; so that V;R;; = @lRfjl. The harmonic curvature condi-
tion gives Vi R;; = V;R; so that @lRf; = @jR‘Zl. By the contracted second
Bianchi identity the 2-dimensional metric g; then has constant curvature.

If k =2, g1 is one-dimensional metric.

We can similarly prove that g, is Einstein and this proves the lemma. [

Lemma 7. For the local metric g = ds*> + p(s)%q + h(s)%ga of (15) with
the frame E;, if we write the Ricci tensors of g; as R9* = (k — 2)keg1 and
R92 = (n — k — 1)k,go for numbers ky and k,, then the following assertions

Fori > 2, (Vg E;, By) = —G with G = -+ = (= L and (g = -+ =
Cn = %’

For the Ricci tensor components R;; = R(E;, E;) of g,
Riy = —(k = 1)(¢ +¢3) = (n = k)(C + G),

Ris = —Chy— (k— 1) — (n — k)Coln + (kpg 2)k2 forie{2,... k},
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Ryy = —Gh— (=R — (k= D6+ "=V forje k1, m)

Moreover, Ry = R(E1, E;, E;, E1) = —C — 2.

Proof. One may verify all the formulas by direct computation or using the
Gauss equation for submanifolds. O

Next, we can prove:

Lemma 8. Under the hypothesis of Lemma 6, it holds that x—"5 +y =0 and
<2Cn =0.
Proof. Recall, for j > 1,

R

(19) — Rajji = Rjj = ——

We put j =2 and j = n into (19), and from Lemma 7 get

k—2 R
) —2 -k - (- 6+ TP - L o,
(@) 2~ (- kR~ (- DG+ L h T - F g
Differentiating (20),
(k=2

(22)  —20) — 2kCaCh — (n— k)ChCn — (n— k)Gl — 22— ) =0,

The harmonic curvature condition gives V1R;; — V;Ry; = (Ri)' + G Ry —
QRH =0. Puti=2 and get

— kGaGy — (n — k)C5Cn —
Comparing this with (22) gives
(23) C5Gn = CaGp + 265Cn — 226 = 0.

From (5) and (19), ¢4 + (3 = szﬁ_r 75 and ¢, + ¢ = Cnm -
Then,

(24) (G 4G = (G GG = 57 (2 = ).
The above (23) and (24) yield —(3¢, + (2¢2 = 72 (= G), s

z

Differentiating (25), and using (25) again,

zf' _ /- Cn
(f + )2 =G/ f+a

E (0 B)BCu + (n— k)22 = 0.

(26) —(C2ln + G2Gp) = —
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Using (5) and (19), Cof’ = (f +2)(Ra2 — 7257) +2 = f( Eo)+2(Rag —
)—i—x——l—y = f(¢,+C3)+xRoa+y. Together with (26), —(¢5¢n+C2¢)(1+

£) = Gf % = GGt D)+ =G — (k= 1)E — (1= K)ala + D) 4y
which is rearranged as
ol / 2 s (k—2)
?{_CQCn + (k - 1)C2<n + (n - k)CQ n Tkﬁgn}
(27) = 203G + GG+ G5Gn + %gn.
We shall remove (5’ and ¢’ in (27). By (20) and (23) we get
/ 1 2 2 (k—-2) R
G2l = 5{=kGaGn — (n = k)G + G}, where o= P ke — ——1;
4
G = G4 + 2636 — 2662 = (5 - AT ez Lo,

With these, and setting § := (k — 2)(22 + (n—k+ 2)(, — pr D ks, the
left hand side (LHS) of (27) equals 37{35¢, — 26¢2 + ¢, }, while the RHS
equals

f{ 36<n+2<2<273 <n+2f<n}

The equality of LHS=RHS gives

31+ )86 = F2GC ~ —16) + 26k~ 3G 2

f

T w%+y
From (25), we get (1 + 7)(2@ = -5 So,

X R x 9 5 r R y
f)n o T Q?CQCn +2¢2(, + Q?EQ + Q?Cn
T

R
?)ECW
We have obtained 3(1+ %)(8 + L3¢, =0.
As f is not constant, we have either ¢, =0 or 8+ -£; = (k —2)¢3 + (n —
k4266 — 2k + B =0,
If {, =0, then z = 0 from (25). So, Lemma holds.
If ¢, # 0, ie., b/ #0, and B+ —£= =0, then (20) gives

(n(n;i)Q) e }+(kp_22)k2‘ 5=

which reduces to

3(1+ 2)BCn = —3(1+

f
=-3(1+

—205—k(3+ {(k—2)¢3—

P’ »)? , (k—2) R
(0= k42— (k= 2) T e =0
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as we put (o = %. Comparing with 5 + % = 0, we get %, = (2(pn- So,
L” _ p/h/
P ph ” , ,

Assume that p’ # 0. Then 1;7 = % and integration gives p’ = c1h for a

constant ¢; # 0. While we are assuming b’ # 0 and p’ # 0, by a symmetrical
argument between p and h we can also get h' = cop for constant ¢y # 0. (25)

again gives ppZ = c1c = —f%. So, f is a constant, a contradiction. So,
p’h' =0, i.e., (2(, =0. By (25), z = 0. This proves Lemma. O

Now with the above lemma given, we may assume (s = % =0 and (, # 0.
The other case that (s # 0 = (,, will be symmetrical. Now p is a constant, and
(21) becomes

h h (n—k-1) R
2 22— —(n—k-1)(-)? — =
(28) (k= 1) e -
Multiply (28) by h?2, differentiate and then multiply by —%h”*’“’l to get
hn_khm+(n—]<;)h"_k_1h/h//+%hn_kh' — {h”h"_k—i- hn—k+1}/
= 0. Integration gives, for a constant cs,

h// R C2
29 — = .
(29) RCEN L S G

Put (29) into (28) for n — k > 2, or just integrate (28) when n —k = 1 and get

0.

R
(n—1)(n—k+1)

RR? 262h7n+k+1
30 n')? =k, f —k>2,
N D P Coiy Aoy oy o or k=

(h')2 + ﬁfﬂ = c¢3 for a constant c3, for n —k =1.
n—
Recall ¢/, + (2 = Cnff—Jr/w — 75, from (5) and (19). As z = 0, we then have
%’ = fJ% Integration gives, for a constant c¢; # 0,
(31) FE———y
And ¢ =0 in (20) gives
(k—2) R

32 ko = .
(32) =2 - 2

Omne can check that the metric g with the above p,h and f in (30)~(32)
satisfy the equation (2) and the harmonic curvature condition. As p is constant,
g = ds® + p(s)%d1 + h(s)?gz is the Riemannian product of an Einstein metric
(NF=1 p2g,) and (W"F+1 ds? + h(s)2Gs). Summarizing all the discussion in
this section, we state:

Proposition 1. Let (M, g, f) be an n-dimensional Riemannian manifold with
harmonic curvature satisfying (2). Suppose that for an adapted frame fields
E;, j=1,...,n, in an open subset W of M, N{V f # 0}, the eigenvalue A\
is distinct from any other \; and Ay = -+ = A\p # Agy1 = -+ = An. Then
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there exist coordinates (x1 := 8,%a,...,2n) in a neighborhood of each point in
W such that Vs = % and g can be written as

(33) g = ds® + p*g1 + h(s)?Ga,

where p is a constant and h := h(s) a smooth function satisfying (30) and (32)
and §;, i = 1,2, is an Einstein metric with Ricci tensor R9' = (k — 2)kog1 and
R92 = (n —k — 1)kngo for numbers ko and k,,. We also get f +x = c1h’ and
z = xn—lfl +y=0.

Conversely, any Riemannian metric as in (33) satisfying (30) and (32) is a
solution of (2) with f =cih' — .

5. The proof of Theorem 1

Now we are ready to prove the main theorem.

Proof of Theorem 1. Lemma 5 and Proposition 1 resolve the case of exactly
three Ricci eigenvalues. When \; = \; for some ¢ > 1, Lemma 5 shows no
existence of any space (M, g, f). When A\; # \; for any ¢ > 1, we have xn—}fl +
y = 0 by Proposition 1. Then (2) becomes Vdf = (f + z)(Rc — -£+g), which
means (M, g, f+x) is a static space. One can see that the (n—k+1)-dimensional
space (Wn=F+l .= [ x Un* ds? + h(s)%gs, f + ) is also a static space where
the equation (30) corresponds to (2.2) in [13]. It is easy to see that the metric
ds? + h(s)%go itself has harmonic curvature.

If there are exactly two distinct Ricci eigenvalues in an open subset of M, N
{Vf # 0}, setting p; to be the dimension of \;-eigenspace, the multiplicity
(ttq, pp) of Ricci eigenvalues can be either (1,n — 1) or (p,n —p) with 1 < p <
n — 1.

In the (p,n — p) case, we observe that the proof of Lemma 5 contains the
proof for our case. Indeed, as A\; = \; for some ¢ > 1, following through the
proof of Lemma 5, we see that as there are only two eigenvalues, we still have
ci+v= Cgb%{co + &y + éx} for a constant ¢;, but the equation (13) has
only two terms, not three. So, the argument can be done more simply to show
no existence.

In the (1,n — 1) case and if \y = A; for some ¢ > 1, then this does not occur
by the above paragraph.

In the (1,n — 1) case and if Ay # A; for any ¢ > 1, locally the metric g is
known to be a warped product metric of an interval with an Einstein metric;
see the proof of 16.38 Theorem in [6]. To see precise description, we refer to
Proposition 7.1 of [12], where it is analyzed in dimension four, but the argument
still works in higher dimension, yielding (ii).

If there is exactly one Ricci eigenvalue in an open subset of M, N{V f # 0},
i.e.,, when g is Einstein, this case is discussed as Example 1 of [12]. Though
it is written for four dimension, the argument works for higher dimension.
According to that Example 1, in some neighborhood of a point we can write
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g = ds®> + (f'(s))?g, where s is a function such that Vs = % and g is
considered as a Riemannian metric on a level surface of f. The metric g is
Einstein and f satisfies f” = —ﬁf + x% + y(R). O

Theorem 1 indicates that there may be fewer solutions of other geometric
equations such as Miao-Tam metrics or critical point metrics than static spaces.

The converse part of Theorem 1 provides all the examples of Riemann-
ian manifolds with harmonic curvature and less than four Ricci eigenvalues,
satisfying (2). In particular we can get a compact static space (N*~1 ;) x
St xp, (Y*7F §,), where §; and §» are some positive Einstein metrics and
St xyp, (YP=F, g2) means a warped product metric with warping function h.

We avoid making the long list of all the examples, but refer to the list of
four dimensional spaces in [12].

Remark 1. In this work we have studied static and related spaces with less
than four Ricci eigenvalues. It would be interesting to study four eigenvalues.

It is also interesting to understand in our terms other geometric equations,
such as gradient Ricci solitons or warped product Einstein metrics. In these
mentioned cases the scalar curvature is not constant, which makes the problem
somewhat more difficult.
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