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GLOBAL ATTRACTORS FOR NONLOCAL PARABOLIC
EQUATIONS WITH A NEW CLASS OF NONLINEARITIES

CuNG THE ANH, LE TRAN TINH, AND VU MANH ToOI

ABSTRACT. In this paper we consider a class of nonlocal parabolic equa-
tions in bounded domains with Dirichlet boundary conditions and a new
class of nonlinearities. We first prove the existence and uniqueness of weak
solutions by using the compactness method. Then we study the existence
and fractal dimension estimates of the global attractor for the continuous
semigroup generated by the problem. We also prove the existence of sta-
tionary solutions and give a sufficient condition for the uniqueness and
global exponential stability of the stationary solution. The main novelty
of the obtained results is that no restriction is imposed on the upper
growth of the nonlinearities.

1. Introduction

In this paper we consider the following initial boundary value problem for a
nonlinear parabolic equation of nonlocal type

% —a(l(uw)Au+ f(u) = g(x), ze€Q,t>0,
(1.1) u(z,t) =0, x € 0Q,t >0,
U(I7O) = UJO(‘T)v T e Q?

where € is a bounded smooth domain in RV(N > 1), 1 : L?(Q)) — R is a
continuous functional, f(u) is the nonlinear term, g is the external force, which
satisfy some certain conditions specified later. The problem studied here is
nonlocal in view of the structure of the diffusion coefficient which is determined
by a global quantity. This leads to a number of mathematical difficulties which
make the analysis of the problem particularly interesting. This kind of nonlocal
problems arises in various situations and has attracted the attention of many
authors in recent years because the nonlocal terms allow giving more accurate
results, for instance, in population dynamics, the diffusion coefficient a is then
supposed to depend upon the entire population in the domain rather than on
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a local density. For more details and motivation in physics, engineering and
population dynamics of nonlinear nonlocal parabolic equations of type (1.1), see
[11,12] and references therein. We also refer the interested reader to [1,2,13,29]
for other kinds of the nonlocal term.

In recent years, the existence, uniqueness and long-time behavior of solutions
to nonlinear parabolic equations with nonlocal terms have been extensively
studied and there are two main types of the nonlinearities which are usually
considered. The first one is the class of nonlinearities which is Lipschitz con-
tinuous or more general sublinear [11,20,22], and the second one is the class of
nonlinearities which satisfies a polynomial growth

cr|ulP — o < fluw)u < colul? + co,
f/(u) Z —Q,

for some p > 2, see for instance [3,10,24]. We also refer the interested reader
to [5-8,17-19,23,27,28,30] for results on semilinear non-degenerate/degenerate
parabolic equations with (more general) nonlinearities of Sobolev type or poly-
nomial type. Note that all above classes of nonlinearities require some restric-
tion on the upper growth of the nonlinearities, in particular, the exponential
nonlinearity, for example, f(u) = e*, does not hold.

In this paper, we try to relax this restriction on the nonlinear term f(u). In
particular, we are able to prove the existence of weak solutions and the global
attractor for a very large class of nonlinearities that particular covers both the
above classes and even the exponential nonlinearities.

To study problem (1.1), we suppose that the nonlinearity f, the external
force g and the diffusion coefficient a satisfy the following conditions:

(H1) a € C(R,Ry) is Lipschitz continuous, i.e., there exists a positive con-
stant L such that

(1.2) la(t) —a(s)] < L[t — s, Vt, s € R,
and a(+) is bounded, i.e., there are two positive constants m, M such
that

(1.3) 0<m<a(t) <M, VteR.

Moreover, suppose that a depends upon a continuous linear functional
I(u) on L2(2), i.e.,

a = a(l(u)),
with [ : L?(Q2) — R is defined by

(1.4) () = / o(x)u(x)d,

where ¢(-) is a given function in L?().
(H2) f:R — R is a continuously differentiable function satisfying

(1.5) fluw)u > —pu? — ¢y,
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(1.6) f'(u) > —a,

where ¢, o are two positive constants, 0 < p < mA; with Ay > 0 is the
first eigenvalue of the operator (—A, H}(Q)).
(H3) g € L*().

The structure of the paper is as follows. In Section 2, we prove the existence
and uniqueness of weak solutions by combining the compactness method and
the weak convergence techniques in Orlicz spaces introduced in [16], which has
been exploited later in [15,21]. In Section 3, we prove the existence of a global
attractor for the semigroup generated by the problem in various spaces. In Sec-
tion 4, we first show that the boundedness of the global attractor A in L ()
under some additional conditions of f and g, and then we show the finiteness of
fractal dimension of the global attractor by using the Ladyzhenskaya method.
The last section is devoted to proving the existence of weak stationary solutions
to (1.1) and we give a sufficient condition for the uniqueness and exponential
stability of the stationary solution. The main novelty of the paper is that
the nonlinearity can grow arbitrarily fast. In particular, the results obtained
here improve and extend all previous results for nonlocal parabolic equations
in [4,11,24].

Before to start, let us introduce some notations that will be used in the
sequel. As usual, the inner product in L?(Q2) will be denoted by (.,.) and by
| |2 its associated norm. The inner product in H}(€2) is presented by ((-,-)) and
by || - || its associated norm. By (,-), we represent the duality product between
H=1(Q) and H}(Q). We identify L?(Q) with its dual, and so, we have a chain
of compact and dense embeddings H}(Q) cC L*(Q) € H~(Q). This allows
us to make an abuse of the notation considering I € L?(2) and denoting (I, u)
like [(u). We also use (-,-) for the duality pairing between H~1(Q) + L'()
and H}(Q) N L>(Q).

2. Existence and uniqueness of weak solutions

In this section, we will prove the existence and uniqueness of weak solutions
to problem (1.1). First, we give the definition of weak solutions.

Definition 2.1. A weak solution to (1.1) on the interval (0, 7) is a function u €
L2(0,T; H§ () N C([0,T]; L*(2)) such that f(u) € L*(Qr), u(0) = ug, % €
L2(0,T; H-1(Q)) + L' (Q7) and

(2.1) <%u(t)7v> + a(l(u(®)))((u(t), v) + (f(u), v) = (g,v)

for all v € H}(Q) N L>(Q) and for a.e. t € (0,T), where Qp = Q x (0,7T).
We now prove the following theorem.

Theorem 2.1. Let ug € L?(Q) and T > 0 be given. Assume (H1), (H2) and
(H3) hold. Then problem (1.1) has a unique weak solution w on the interval
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(0,T). Moreover, the mapping ug — u(t) is continuous on L*(Q), that is, the
solution depends continuously on the initial data.

Proof. i) Existence. Due to the theory of ordinary differential equations, we
can find, for each integer n > 1, a Galerkin approximate solution w, in the
form

up(t) = Z Unj(t)e;,
j=1

where {¢;}52, C Hj(Q2)NL>(Q) is an orthonormal Hilbert basis in L*(€2), and
Un;(t) are gotten from solving the following problem
d
(2.2) 2 Un(t), €5) + all(un () ((un(t), 5)) + {f (un(t), e5) = (9, €5),
(un(0), €5) = (uo, €5).

Multiplying by uy;(¢) in (2.2) and summing from j = 1 to n, we obtain

1d

23) 51O + alu OO + [ Fun®)un(de = [ guatde.
Using (1.5) and the Cauchy inequality yields
(2.4)

1d g3 EA

5 < lun () + a0 ) (O — lin O — 1192 < 22+ (1)
Therefore, using (1.3) leads to

d 2

25)  plun ) + el + 2k — 5= Aua ) < 22 + 2],

with & > 0 small enough so that mA; — u —eA; > 0. Now, integrating (2.5)
from 0 to t € (0,T) we get

¢ ¢
un6)3 + [ (o) s+ 2mAs = = 230) [ (o) s
0 0

< l9l3T
- 5)\1
This inequality yields that {u,, } is bounded in L>°(0, T; L2(Q)) N L%(0, T; H}(2)).
Therefore, there exists u € L*°(0,T; L?(Q)) N L%(0,T; H}(2)), and a subse-
quence of u,, (relabeled the same) such that
U, —*u in L=(0,T; L*(Q)),

u, —u in L*(0,T; HA(Q)),

(2.6)

(2.7) —Au, = —Au in L*(0,T; H1(Q)).
By the Cauchy inequality and (1.3), it follows from (2.3) that

1d 1 m)\l

5 37110 OB + Al + [ FlunO)untde < gelalf+ 75 a0
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hence in particular

1
D) dt|un )+ f U (t))un ( = 2 Y —lgl3-
Integrating from 0 to T" we obtain
D+ [ Fun ) t)ddt < 5 1g8T+ o
Hence
(2.8) Fln)undadt < ——[gl2T + ~Ju 2
. o n)Un = 2m/\1 gl2 2 0f2-

We now prove that {f(u,)} is bounded in L*(Q7). To do this, we put h(u,) =
f(un) — f(0) + vu, with v > a. By using (1.6) we see that h(s)s > 0 for all
s € R. So, using (2.8) and the boundedness of {u,} in L>(0,T;L?()), we
have

/ |h(un)|dxdt§/ |h(un)un|dxdt+/ |h(uy,)|dadt
Qp Qrn{|un|>1} QrN{|un|<1}

g/f@@%wﬁ+wMMWWﬂ
Qr

[s|]<1
_ f@@%ﬁﬁ+u/|wfwﬁ+ﬁmﬂ |t
Qr Qr Qr

+ sup |h(s)||Qr|
[s|<1

<C.
This means that {h(u,)} is bounded in L'(Qr), and so is {f(u,)}. Because

of (1.3) and the boundedness of {u,} in L*(0,T; H}(f2)), we can check that
{—a(l(uy))Auy,} is bounded in L2(0,T; H=1(2)). Since
duy,
“dt = a(l(un))Aun - f(un) + 9,

we deduce that {24} is bounded in L(0,T; H~(Q)) + L'(Q7), and therefore
in L1(0,T; H~Y(Q) + L'(22)). By the Aubin-Lions-Simon compactness lemma
(see e.g. [9]), we have that {u,} is compact in L?(0,T;L?(£2)). So, up to a
subsequence,

u, — u in L*(0,T; L*(Q)).
Therefore,
l(un) — l(u) in L*(0,T).

Since a is continuous, we have

(2.9) a(l(un)) — a(l(w)) in L*(0,T).
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Combining (2.7) and (2.9), we deduce that for all ¢ € C§°([0,T]; Hi(2) N
L>(Q)),

/OTa(l(un))/QVun-Vgadxdt%/OTa(l(u))/Qvu.vwdxdt.

We now pass to the limits in the nonlinear term. From (1.6) and (2.8) we see
that h(-) is a strictly increasing function and

1 1
Bty ())uy (t)dzdt < ——g|3T + =|uol3.
. b (tdrde < S lgBT + 5ol

Since u, — u in LQ(QT), then up to a subsequence we have u,, — u a.e. in
Q7. Applying Lemma 6.1 in [15], we obtain that h(u) € L*(Q7) and for all
test functions ¢ € C§°([0,T]; HY(Q) N L (Q)),

/ h(un)pdxdt — h(u)pdzdt as n — oco.
Qr Qr

Hence, f(u) € L'(Qr) and for all p € C§([0, T]; HE (2) N L>=(12)),

f (up)pdadt — f(uw)pdzdt as n — co.
QT QT
Passing to the limits, we deduce that u satisfies (2.1). Since u € L*(0,T; H (2))
and 9% € L2(0,T; H-1(Q)) + L' (Q7), we get u € C([0,T]; L*(2)). Moreover,
repeating the arguments in [7], we get u(0) = up and this implies that u is a
weak solution to problem (1.1).

ii) Uniqueness and continuous dependence on the initial data. Let
uy and ug be two weak solutions of (1.1) with initial data ug1, ug2 € L2(£2),
respectively. Then w = u; — uy satisfies
(2.10)

wi — a(l(u)Aw + Fuy) — Fluz) = — (all(uz)) — a(i(w))) Aus + aw,
w(0) = uop1 — uo2,
where f(s) = f(s)+as and w = uy —uy. Here, we cannot choose w(t) as a test
function since w(t) does not belong to HE(2) N L>°(Q). Therefore, the proof is
more involved.

We use some ideas in [16]. Let By : R — R be the truncated function defined

by

k if s>k,
Bir(s)=1qs if |s| <k,
—k if s< —k.

We construct the following Nemytskii mapping
By : HH(Q) N L2 (Q) — HL(Q) N L=(Q)
w — By(w)(z) = Bi(w(z)).
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It follows from Lemma 2.3 in [16] that || By (w) —w|l g1 @)L~ — 0ask — oco.
Multiplying the first equation in (2.10) by gk(w), then integrating from ¢ to ¢,

we obtain
// d:rds—// ds Bk (s))dzds
/a(l(ul))/ IV |2dzds
{weQilw(z,5)| <k}

(2.11) / / (1) — Flus)) Bu(w)dads

< / la(l(u2)) — a(l(u1))] | Vug - Vwdz|ds
5 {zeQ:|w(z,s)|<k}

t
+a/ /ka(w)dxds.
6 JQ

The following estimate is deduced by using (1.2), (1.4), the Holder and the
Cauchy inequalities

t
/ la(l(uz)) — a(l(u1))] | Vug - Vwdz|ds
) {zeQ:|w(z,s)|<k}

t
< ([ 1ol uwlds) ([ Vs - Vulda)ds
5§ JQ {zeQ:|w(z,s)|<k}

< L [ il w9l lua(o)] 1B (w)(o) s
2
<—/ 1Be(w)(s)] ds+“¢'2/ sz (3)]1 e (5) Bl

dt (Bk(w))2 we obtain from (1.3), (2.11) and (2.12) that

(2.12)

d -~
Since wo Bi(w) = B

[ OB w) O = 5 B0

+m / | Br(w)(s) [2ds + / / F1(€)w By (w)dds

g/ w(8) By (w )(6)dx—f\Bk /”Bk s)||*ds

L2
|¢|2/ l|luz(s)]|Jw(s |2ds—|—a/ /ka Ydxds.

Since f'(s) > 0 and sBy(s) > 0 for all s € R, letting § — 0 and k — oo in the
above inequality we obtain

213) B <lwOB+ [ (ol + 20) s
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By (2.6), we have for some fixed € > 0,

t 2
93T | 1
/0 luz(s)|%ds < 5211 + - (201|Q|T+ |u02\§) .

Applying the Gronwall inequality of integral form for (2.13) we get

ot < ) o ([ (Z2E juags)1? + 20) as

L2¢l5 [193T | 1
2 5211 +g(201\Q|T+|u02|§) +2at ).

< fw(0) e (
This implies the desired result. (I

3. Existence of a global attractor

Thanks to Theorem 2.1, we can define a continuous (nonlinear) semigroup
S(t) : L?(2) — L?(9) associated to problem (1.1) as follows

S(t)ug = u(t),

where u(+) is the unique global weak solution of (1.1) with the initial datum
ug. We will prove that the semigroup S(¢) has a compact global attractor A.
For the general theory of global attractors, we refer the reader to [14,23, 26].

For the sake of brevity, in the following lemmas we only give some formal
calculations, the rigorous proof is done by use of Galerkin approximations and
Lemma 11.2 in [23].

Lemma 3.1. The semigroup {S(t)}i>0 has a bounded absorbing set in L*(Q).

Proof. Multiplying the first equation in (1.1) by u we have
1d
(3.1) 5 7 lul3 + a(l(w)||ul® + /Q f(uyudz = (g, u).

Thanks to (1.3) and (1.5), we obtain the following estimate by using the Cauchy
inequality and the Poincaré inequality

d 1913
%W@ + (mAr — p)|ul3 < 261(Q] + Wiu
Applying the Gronwall inequality we infer that
u(t)[5 < Juglze™ "M 4 Ry,
where )
_ 2¢1|Q[(mA1 — p) + g3
Ry = 5 .
(mAr — p)
Therefore, if choosing p; = 2R;, we can assert that
(32) u(t)[3 < p1,
for all t > Ty = Ty (A1, g, m, |ug|2), and so the proof is complete. O

Lemma 3.2. The semigroup {S(t) }+>0 has a bounded absorbing set in Hg ().
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Proof. Multiplying the first equation in (1.1) by —Awu and integrating by parts,
then using (1.6) and the Cauchy inequality we have

1d

3l + at)lau = - [ fIVuPds - [ gAuds
2 di o o

1 m
<l + -lgl3 + Al
Combining this with (1.3) leads to
d 1

(33 D (o) < 2allue)]? + =19
On the other hand, integrating (3.1) from ¢ to t 4+ 1 and taking (1.3), (1.5) and
(3.2) into account, we get

/14 +1 t+1

t+1
1 C1 1
[ )P < 5@ + 210+ 52 [ o) s + ol

(3.4) ) 5 )
& Bkt 2

< %9 =
- m| |+ 2m p1+4m|g|2,

for all t > T1 = Ty (A1, i, m, |ugl2). By the uniform Gronwall inequality, from
(3.3) and (3.4) we deduce that

21+ 3 5
. 2, .— (D0 K 2\ 2o
B3 I < o= (1 ek Tl )
for all t > T, = T; + 1. The proof is complete. (I

As a direct consequence of Lemma 3.2 and the compactness of the embedding
H}(Q2) — L*(Q), we get the following result.

Theorem 3.1. Suppose that the hypotheses (H1), (H2) and (H3) hold. Then
the semigroup S(t) generated by problem (1.1) has a connected compact global
attractor A in L*(%).

It is possible to show that the global attractor will be more regular when a
is more regular. To do this, we suppose that

(H1bis) a € C(R,R;) is continuously differentiable and satisfies condition
(H1).

Lemma 3.3. Under the hypotheses (H1bis), (H2) and (H3), the semigroup
{S(t)}+>0 has a bounded absorbing set in H*(2) N Hg ().

Proof. Differentiating the first equation in (1.1) with respect to ¢, then taking
the duality with u; yields

1d
3l + a@)Vu + [ f)luds
Q

= —a’(l(u))/ﬂqﬁ(x)utdx/QVu~Vutdx,
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and performing the following estimate by using the assumptions (1.3), (1.6)
and the Holder inequality

d
(3.6) 2wl + 2mlu|* = 20furl3 < 200’ ()] ]2 uel2 [[u] [lue]]

In addition, by using the Holder inequality and (3.2), we have

[H(uw)] < [@l2 |ulz < [@l2 vp1, VE=>T1.
We denote

(3.7) y=+yp2 sup |d'(s)] o]
[s|<|¢l2 /P1

In view of (3.6) and (3.7), we obtain the following estimate by using the Cauchy
inequality

d 2
el + 2mifudl = 20fucly < 2yluela uell < o fuel3 + 2]

Hence

d 2
(3.8) %\ut@ < <27n + 2a> |ut|§

Multiplying the first equation in (1.1) by u; and integrating by parts we obtain
(3.9 a(l(u)) / Vu - Vudz + / fu)ude — / gurdr = —|ug3.
Q Q Q

Putting

(3.10) F(u) = /Ou f(s)ds.

It follows from (1.6) that
2

(3.11) F(u) < flu)u+ a%7 Vu € R,

and

(3.12) Flu) > faglut |f((2))|2, Vu € R.

We now have from (3.9) and (3.10) that

(3.13)

o (52l + [ Pde — [ gude) =gl 0) [ stomdo-lu

By the Holder inequality and the Cauchy inequality, it follows from (3.13) that

(52 + [ Pt~ [ guds ) < Gl ) ol o ~ el

1 1
< lhullla’ ) Pl - 5l
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Taking (3.5) and (3.7) into account, we have

(3.14) %|ut|§—|— d (a(l(u))HUQ—F/QF(u)dx—/qudx) <L

dt \ 2 8
On the other hand, integrating (3.1) from ¢ to ¢ + 1, and using (3.2), we have

t+1
(3.15) /t [on(l(u))HuH2 —&—/Qf(u)udx— /qudx}ds < p1.
From (3.15), (3.11) and (3.2), we get

(3.16) /:H [a(l(u))nun2 Jr/QF(u)dx - /qudm} ds < (1+ %)p1

2

for all ¢ > Ty. Therefore, from (3.14) and (3.16), by using the uniform Gronwall
inequality, we obtain
2

[
(3.17) Mﬂuﬂz +/ F(u)dz — / gudz < (1+ g)ﬂl + 1P
2 0 0 2 8
for all t > T5 = T1 + 1. Using the Cauchy inequality and (1.3), we have

a(l(u)) 2 / / m 2 / 1 5 MAL o
AN — > I P .
3 2l [ Flda— | guda> Tl | Pluda— g lol—"3 o3

By the Poincaré inequality and (3.12), we get
(3.18)
a(l(u)) a+1

D2l + [ Pluyde— [ guds > =% Fjul -
Q Q

Now, integrating (3.14) from ¢ to ¢ + 1 and using (3.17), (3.18), we have
Lo o, _2a+3 Aoy |f(0) 1

: = ds < Q 2

1) 5 [ s < 2520+ T2+ O+ ol

for all t > T5. Here we have used (3.2).
Combining (3.8) with (3.19) and using the uniform Gronwall inequality, we
get

FOP 1
Q| — .
719 = 5ol

(3.20) lug|3 < ps for all t > Ty = Ty + 1,
where
ps = (ot 80 + 222 4 FOPI + —Jgl3 ) exp (2 + 20 ).
2 mA 2m

Multiplying the first equation in (1.1) by —Awu and using (1.3) and (1.5), we
obtain
m|Auly < alfull® + [ul2|Auls + |g]2| Aul.

By the Cauchy inequality, we have

1 1 m
mlAul} < allul? + ful3 + lgl3 + 7 |Aul
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Hence 5 9 5
o
|Aulj < EHUH2 + W‘ut@ + W|9|§~
Using the estimates (3.5) and (3.20), we deduce that

2 2 2
|Aul3 < py = e + e + WW%

for all £ > T3. This completes the proof. (I

Due to the compactness of the embedding H?(2) — H}(Q), we get the
following theorem.

Theorem 3.2. Suppose that the hypotheses (H1bis), (H2) and (H3) hold.
Then the semigroup S(t) generated by problem (1.1) has a connected compact
global attractor A in H}(Q).

4. Fractal dimension estimates of the global attractor

In this section we will study the finiteness of fractal dimension of the global
attractor for the semigroup generated by problem (1.1). To do this, we assume
that the nonlinearity f and the external force g satisfy stronger conditions:

(H2bis) f satisfies the condition (H2) and there exists so > 0 such that
f(8) > gl ) if s > 50, f(s) < |lgllze(q) if s < —s0.
(H3bis) g € L>®(Q).

Lemma 4.1. Assume that (H1), (H2bis), and (H3bis) hold. Then the global
attractor A of problem (1.1) is bounded in L>(£2).

Proof. To prove Lemma 4.1, we will use a bounded version of function u(x)— M
for some appropriate constant M. We define

(2) u(z), if u(x) >0,
uy(z) =
* 0, otherwise,

and
u(z) = {u(x), if u(z) <0,

0, otherwise.

Suppose that u(t) € A. We multiply (1.1) by (v — M) and integrate over 2
to obtain
1d

2dt Q(u>M)
# [ e Myde= [ gt M).da,
Q(u>M) Q(u>M)
where Q(u > M) = {x € Q : u(x) — M > 0}. Using the fact that

/ |V (u— M)+|2dx > Aa(u> M) / [(u — M)+|2d33
Q(u>M) Q(u>M)

(u — M) [2dz + a(1(w) /Q( [V A e
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and (1.3), it follows that

1d
567/ |(U—M)+|2dff+m>\n(uzM)/ |(u— M) |*dx
t Jouzn) Q(u>M)

< /Q o0 T )

By virtue of the condition (H2bis), we can choose M large enough such that
f(u) > |lgllLe (@) whenever u > M. Then

d
— / [(u— M)1[Pdz + 2mAqgus ) / |(u— M){|?dz <0.
dt Jausn) = Jaws>m)
Using the Gronwall inequality, we have
/ |(u—M)y|?dr < e_2m)‘9<“2M>t/ |(ug— M)y |*dx — 0 as t — oo.
Q(u>M) Q(u>M)

Since A is invariant, we get
(4.1) / |(u— M){|*dz = 0.
Q(u>M)

Repeating the arguments in the same way for (v + M)_ instead of (v — M),
we obtain

(4.2) / \(u+ M)_[2dz = 0.
Q(u<—M)

It follows from (4.1) and (4.2) that
llullpe@) <M forall ueA O

To prove the finiteness of fractal dimension of the global attractor, we will
use the following abstract result.

Theorem 4.1 ([14]). Assume that E is a compact set in a Hilbert space H
with the norm || - ||. Let V' be a continuous mapping in H such that E C V(E).
Assume that there exists a finite dimensional projector P in the space H such
that

|IP(Vvy — Vug)|| < klluy —ve|| for all v1,v2 € E,
and
(1= P)(Vvy — V)| < 6lluy —ve|| for all vi,vs € E,

where § < 1. We also assume that k > 1—4§. Then the compact set & possesses
a finite fractal dimension and

dim; B < dim Pl | -2 ) [ (2 -
imy B < di n 135 n 53 .

The following theorem is the main result of this section.
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Theorem 4.2. Assume that (H1), (H2bis), and (H3bis) hold. Then the
global attractor A of problem (1.1) has a finite fractal dimension in L?(Q),

namely,
9¢e¢ 2 -t
i < — .
dimy A < ¢ln (1 _5> {ln (1 +5)]

Proof. Suppose that wug1, ug2 € A are given, and u(t) = S(t)uo; and us(t) =
S(t)ugy are solutions of problem (1.1) with the initial values w1, ug2, respec-
tively. We define w(t) = uq(¢) —uz2(t). Assume that w(t) = wy () +w2(t), where
wy(t) is the projection onto P,L*(Q) = span{ey, ey, ..., ¢4}, where {e;}32, C
HY(Q) N L>(Q) is an orthonormal Hilbert basis in L?(2).

As we know that S(t)A = A for all t > 0, so u;(t) € Hg(Q2) for any ¢t > 0
and

(4.3) lui(O)))? < pa, i=1,2, t>0.

Moreover, by Lemma 4.1, we have w(t) € L*(Q) for all ¢ > 0, and then
wi (t), we(t) € L>(Q) for all ¢ > 0.
Performing the same arguments in the proof of Theorem 2.1 we get

(44)  wp —a(l(w))Aw + f(ur) — f(uz) = —(a(l(uz)) — a(l(u1))) Aus.

It follows that

(4.5) lw(t)[3 < e [w(0)]3.
Therefore,
(4.6) i (®)[5 < €2 [w(0)[3.

Multiplying (4.4) by w2(t), integrating over 2 and using (1.2), (1.3), (1.4), (1.6)
and the Cauchy inequality, we have

1d
L L ()13 + mua(0) |2 < Ligla fwls ua] )] + ol
L2 2
< P )2 + 2122 a2 + a3

Hence, using the Poincaré inequality and (4.3) lead to

d LQ ¢ 2
D03 + 0mr, — 20003 < 1 gz
By the Gronwall inequality, we have
(4.7)

2 —(mAg—2a)t 2 L2‘¢|§p2 —(mAg—2a)t ! (mAg—2a)s 2
[wa(t)]5 < e w2 (0)]z + —=—e e w(s)[2ds.
0
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Assume that ¢ is large enough such that mA, — 2a > 0. It follows from (4.3),
(4.5) and (4.7) that

Jwa(t)[3 < =72 wy (0)[3

2 2 t

n L |¢‘2p2€7(m)\q72a)t/ e(m)\q72a+C)s|w(0)|§ds
m 0

L2|¢|%p2e2ct

< e—(mkq—Qa)t|w2(0>|§ + m(m/\ ot 20)
q

w(0)[3-

Therefore,

L?|¢[3p2e" >
(mAq —2a +2C) (Ol

4.8 t 2 < —(mAg—2a)t
@ fu0f < (o .

From (4.6) and (4.8), we have
i (D)]3 < e [w(0)f3, |wa(1)[ < 6% [w(0)f3,

2 2 2C
where §2 = e~ (mAa—20) 4 % < 1 whenever ¢ is large enough. Using

Theorem 4.1, one obtains the bound given in the statement of the theorem. [

5. Existence and exponential stability of stationary solutions

A weak stationary solution to problem (1.1) is an element u* € Hg(£2) such
that

a(l(u*)) | Vu*-Vude+ | f(u*)vdx = / gudx,
Q Q Q

for all test functions v € HJ(2) N L>(1Q).

Theorem 5.1. Under hypotheses (H1), (H2) and (H3), problem (1.1) has
at least one weak stationary solution u* satisfying

(5.1) [u*[|* < £(7o),
where A (4 k)
+ ko
) - 17T
(7) Ad7(ks — 1)
with

k3 + 4kykoks — k
4k
Moreover, if the following condition holds

(5.2) mAi > a+ /L2 |¢]3 £(70) A1,

then for any weak solution u of (1.1), we have
(5.3) lu(t) — u*|3 < |u(0) — u*|3e210 for all t > 0,
where Tg = mA1 — a — \/L2|@|3 £(1o)\1 > 0. That is, the weak stationary

solution of (1.1) is unique and exponentially stable.

2 for ky = c1|Q, ko = |g|3, ks =mA; — p.
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Proof. i) Existence. Assume that {e;}52, C Hj(Q) N L>(Q) is an orthonor-
mal Hilbert basis in L2(Q2). For each n > 1, we denote V,, =span{ej, ea, ..., e, }.
We will find an approximate stationary solution u,, by

n
Un =Y Bnje;,
=1
such that

(5.4) a(l(un))/QVun-Vvdm—i—/ﬂf(un)vdx:/ggvdx,

for all test functions v € V,,. To do this, we define the following operators
R, :V, =V, by
[Rnou,v] = a(l(u)) [ Vu- Vvda:—i—/ f(u de—/gvda:
Q
for all w,v € V,,. Using the Cauchy inequality, (1.3) and (1.5), it follows that

[Rnu,u]za(l(u))/ﬂ|Vu|2dx+/9f(u)udx—/ﬂgudx

ZmWW—mm&wﬁn—/gWx
Q

g
zmMW—w+ﬂm@(ma+'ﬂ

Z(W/ u+r>” 2 - <|QL+WE>
N (e 3 )

for all 0 < 7 < mA; — p. We consider the following function

- /\1(4]{11T+/€2)
O S

with k1 = ¢1|Q|, k2 = |93, k3 = mA1 — p. It attains the minimum value at

k3 + dkikoks — k
A 5 + 4K1R2K3 26(0,k3).

, 0 <71 < ks,

7o

4k,
Therefore,
Pt T
65) (i) > (= 250 (P -t
We deduce from (5.5) that [R,u,u] > 0 for all u € V,, satisfying |Ju|| = \/£(70).

Consequently, by a corollary of the Brouwer fixed point theorem (see [25, Chap-
ter 2, Lemma 1.4]), for each n > 1, there exists u,, € V,, such that R, (u,) =0,
and

(5.6) lun|* < €(70).



NONLOCAL PARABOLIC EQUATIONS 17

We deduce from (5.6) that the sequence {u, } is bounded in H} (), and by the
compactness of injection of Hg(£2) into L?(£2), we can extract a subsequence
of {u,} (relabeled the same) such that

u, — u* in Hy(Q),
u, — u* in L?(9Q).

Notice that —a(l(u,))Au, defines an element of H (), given by the duality
(—a(l(un)) Ay, v) = a(l(un))/ Vu, - Vvdz,
Q

for all v € H}(2). Using (1.3) and (5.6), one can check that {—a(l(u,))Au,}
is bounded in H~1(Q).
Since the continuity of I and a then a(l(uy,)) = a(l(u*)). It follows that

—a(l(up))Au, — —a(l(u*))Au* in H-YQ).

Taking v = u,, in (5.4), we have

a(l(un))||un||2—l—/ﬂf(un)undx:/qundx.

Using (1.3), the Cauchy inequality and the Poincaré inequality, we obtain

g3
n nd <
/ f(un)undz < 2mA;

Putting h(s) = f(s)— f(0)+vs, where v > a. By (1.6), one sees that h(s)s >0
for all s € R. So, we have

/\h(un)\dxg/ |h(un)un\dx+/ |h(uy,)|dx
Q QN{|un|>1} QN {|u,|<1}

/ h(un )undz + sup |h(s)]I€2]

< / F (n)und + v / fun e +1£O)] | funlde + sup [1(s)]2)
Q Q

[s|<
913 £(10) |f( )
<=4+ wv+1l)—=+———Q] + s $)|[€2].
e 91+ sup (59
This means that {h(u,)} is bounded in L'(Q), and so is {f(u,)}. Since the
strong convergence of u,, to u* in L%(Q), u,, — u* a.e. in 2. Hence, by Lemma
6.1 in [15], we have f(u*) € L'(Q2) and

/ fun)pdx — / fu*)pdr  for all ¢ € Hy(92) N L=(Q).
Q Q

Taking limits in (5.4), we obtain that u* is a weak stationary solution to (1.1).
The estimate (5.1) directly follows from (5.6) as n tends to infinity.
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ii) Uniqueness and exponential stability. Denote w(t) = u(t) — u*, we
have

~ -~

(iw,v)—ka(l(u))/QVw~Vvda:+( (w) = Flu"), v)

(5.7)
— (ai(u?)) - a(l(u)))/ Vu' - Vodz + a(w, v),

Q
for all v € HL(Q) N L>(Q), where f(s) = f(s) + as. Taking v = By,(w), where
By, is defined as in the proof of Theorem 2.1, we obtain from (5.7) that

p ka dx—ﬁa/ | By (w)|?da

~ ~

(5.8) +a(l(u)) /{ zemwgk}m"zd“ /Q (Flu) = F(u*)) Br(w)da

< la(i(w")) — a(i(w)| / Vo' - Vwdas —I—a/ wBi (w)dz.
{2€Q:|w|<k} Q
d 1d, 5,
Here, we have used the fact that wo (Bk( )) = 5%((3;@(11))) ).

Using (1.2) and (1.4) we have

la(l(w")) = a(l(u))

/ Vu* - Vwdx
{zeQ:|w|<k}

< L/ || |w|dx / [Vu™ - Vw|dz
Q {zeQ:|w|<k}

< Liglz [[u™[| fwlz | Br(w)]]-

In view of (5.1) and the Cauchy inequality, the last inequality leads to

/ Vu* - Vwdz
{ze:|w(x,s)|<k}

Lol ) 1
4p 2

la(l(w")) = a(l(u))

(5.9)
< pll Br(w)|* +

for all p > 0. Using (1.3), we obtain from (5.8) and (5.9) that

d
dt/ka dx_i%/ | By, (w)|*dx

+m [Vw| dx—|—/ f’(f)ka(w)dx
{ze:|w|<k} Q

L?|¢[3 (7o)
4p

< pl| Br(w)| + w2 + a /Q wBi(w)da.
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Since f’(s) >0 and sgk(s) > 0 for all s € R, if we choose 0 < p < m, and let
k — oo in the above inequality, we obtain
1d L?|¢]3 €(o)
2dt 4p
So, using the Poincaré inequality, we get from the above inequality
L TLoA

w3 + (m — p)l|lwl|* < [wl3 + afwl3.

d, 2
(5.10) a\wb +2 ((m —p)A1 — 1

Consider the following function on (0, +00)

L2|¢|2¢
L(p) = (m—p)A1 —a— |¢42p(7—0).
It has the maximum value at

L2|6[3 (7o)
4N ’

po =

and
F(po) = m>\1 - — L2|¢)|% ‘g(TO))\l = ]_—‘0.

It follows from (5.2) that I'y > 0 and pg € (0, m). So, if we choose p = pp then
from (5.10) we have

d
@W@ + 20 |wl3 < 0.
Hence, by using the Gronwall inequality, we get (5.3). O
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