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THE EXTREMAL PROBLEM ON HUA DOMAIN

SUJUAN LONG

ABSTRACT. In this paper, we study the Carathéodory extremal problems
on the Hua domain of the first three types. We give the explicit formula
for the Carathéodory extremal problems between the first three types of
Hua domain and the unit ball, which improves the works done on Hua
domain and Cartan-egg domain and super-Cartan domain.

1. Introduction

Let M and N be two domains in CN with p € M and ¢ € N. Let
Hol(M,, N,) denote the set of holomorphic maps f from M to A such that
f(p) = ¢, and let |J¢(p)| be the Jacobian |det df(p)| of f at the point p. We
define the Carathéodory extremal value, simply C-extremal value as follows:

(1) ) = Sup{1Ta(p)] g € Hol(MysNp)}.
A map f €Hol(M,, N,) is said to be Carathéodory extremal map (C-extremal
map), if

(1'2) |Jf(p)| = C(M,p;N ,q)+

The classical extremal problem is to find Carathéodory extremal maps from a
domain to the unit ball in CV, and the problem is an analogue of the classical
Schwarz Lemma [14]. It was first studied by Carathéodory in [1], where he
obtained the explicit formula for the C-extremal mapping from the unit polydisc
into the unit ball. Kubota and Travaglini [2-5] got the explicit formula for the
C-extremal mapping from symmetric domains to the ball. Ma [8,9] obtained
the C-extremal mapping from the complex ellipsoids to the ball. Recently,
with the construction of the super-Cartan domain, Cartan-egg domain and Hua
domain given by Yin in [16-18], many researches have been done on the classical
extremal problem from these classes of domains to the ball (see [6,10,11,15,19]).
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Let D be a domain in CV. We say that D is a balanced domain if Az € D
for z € D and A € C with |A| < 1. It is clear that 0 € D. The classical extremal
problem between two balanced domains D; and Dy in CV which maps 0 to 0
was studied by Carathéodory [1], who proved the following theorem.

Theorem 1.1. Assume D1, Dy are two balanced domains in CN with Dy a
domain of holomorphy. If f € Hol((D1;0);(D2;0)) then df(0)(D1) C Ds.
Moreover,

(1.3) C(Dy,0;D5,0) = sup{| det(l)| : [ complex linear map; 1(D1) C Do}

If D; = D is holomorphically convex balanced domain in C, Dy = By, for
simplicity, we let

€D ‘= ¢(D,0;Bn,0)

14
(14) = sup{|det A| : A € MNN)(C), ||Az|| < 1 for all z € D},

where M(N:N)(C) is the set of all N x N matrices with entries in C.

One of the balanced holomorphically convex domain is Hua domain. Let
n > 2 be a positive integer, and for j = 1,...,n—1, let N; be a positive integer
and p; > 0 be a real number. We use the following notation

(1.5) N=(Ny,...,Nu_1), CN=CM x...xCY 1 and p= (p1,...,Pn_1)-
It is well known that the first three types of Hua domain are:

HEA(H,N,I),(],E) = {(w17"'7wn—17Z) € (CN X RA((LE) :
(1.6) [wr 2P0 - [ [P0 < det(I - Z27)},

where R(q,¢) is the classical bounded symmetric domain of type A (A =
I,I1,I1I) (see [7]), consisting of elements in M (%9 (C), the set of all ¢ x £
matrices with g < /.

Su and Yin [13] solved the C-extremal problem for HE(n,N,p;q,¢) and
obtained the C-extremal map from H Er(n, N, p; ¢, £) into the unit ball in CN x
C% when p; > q. For the special case n = 3, Su and Li [12] considered the first
type of Cartan-egg domain.

CE;(k,q,6) ={(w1, w2, Z) € CM x C"2 x Ry(q,¥) :
[wi||? + [Jwa || < det(I — ZZ*)}.

They obtained the explicit formula for the extremal map from CE;(k,q,£) to
the unit ball in CM x CN2 x C% with k > 0.

Main purpose of the paper is to solve the extremal problem for general
p= (p1,--.,Pn—1) with p; > 0 and n > 2, which improves the works done by
Park [10], Su and Yin [13], Su and Li [12], Yin and Su [19] and Wang et al. [15].
Our main results will be stated in Section 3.
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2. Preliminaries

Let A = [a;;] be an N x N self-adjoint positive definite matrix over C. The
Hermitian ellipsoid is defined as follows:

(2.1) Ey:={z¢ cN . Z a;r2Zk < 1}

Jk=1
The following basic properties of Hermitian ellipsoid were given in [9, 15].
Proposition 2.1. Let A and B be two self-adjoint positive definite matrices
over C. Then

1

2.2 Vol(E4) = ——Vol(By).
(22) 0l(Ea) = 3 Vol(B)
Moreover, if E4 = Eg, then A= B.
Proposition 2.2 ([9]). Let D be a domain of dimension N, containing 0. If |

is a complex linear map such that (D) C By, then I"1(By) is an Hermitian
ellipsoid containing D. If 1 is a solution of the extremal problem

(2.3) | det | = sup{|det 1] : 1 complex linear map; 11(D) C By},

then 171 (By) is a circumscribed Hermitian ellipsoid of D of least volume, or
a minimal circumscribed Hermitian ellipsoid.

Proposition 2.3 ([9]). Let D be a bounded balanced domain. Then D has
minimal circumscribed Hermitian ellipsoids, and the minimal circumscribed
Hermitian ellipoid of D is unique.

Proposition 2.4 ([9]). For two bounded domains Dy and Da, let P(Dj) (j =
1,2) be the minimal circumscribed Hermitian ellipsoid of D;. Ifl € GL(N;C)
and Dy = I[(D1), then I(P(Dy)) = P(Ds), where GL(N;C) denotes the set of
N x N invertible matrices in C and is called N-th-order general linear group.

Let I denote m x m diagonal matrix whose ith diagonal element is —1,
others being 1. Let [} be the m x m matrix obtained by exchanging ith row
and jth row from the identity matrix I"™.

Proposition 2.5. Let D € CN1*NeXXNu pe g balanced holomorphically con-
vex domain such that

(2.4) I"DcD, I;DcCD
for 1<i <N, YT Ny < j k< Si_g Ny for 1 << n, where N = 3" | Nj.

Then the minimal circumscribed Hermitian ellipsoid of D 1is the ellipsoid of the
following form:

(2.5) {(Zy,...,Z,) e CN x CNn sy || Z1||2 + -+ - + an| Z0])? < 1},

where ay,...,a, > 0.
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Proof. Let E4 be the minimal circumscribed Hermitian ellipoid of D with a
self-adjoint positive definite matrix A. By Proposition 2.4 and (2.4), one has
that

Enayv = Ea.
By Proposition 2.1, one has A = IV AIY for all 1 < i < N, which implies that
A is a diagonal matrix. By (2.4), one has that

-1 L
Eqyy-ary = Ea for all Y Ni<kj<> Niyl=1,...n
=0 =0

By Proposition 2.1 again, one has

-1 ¢
(IN)* ALY, = Aforall > N; <k, j<> N, £=1,...,n.
=0 =0

Since A is diagonal, it is easy to verify that

-1 6
Ay = Q55 = Gk if ZNiSk‘,jSZNi,€:1,...,n.
=0 i=0

This proves that

n
Ea={(Z1,....2Z0): Y _a;|1Z;|* <1},

j=1
where aq,...,a, > 0. The proof of the lemma is complete. O
Corollary 2.6. If D is a holomorphically convex balanced domain in CN with

N = 2?21 N; and satisfies (2.4), then the minimal circumscribed Hermitian
ellipsoid of D is given

(26) Blay,..an) = {(Z1,.-, Z0) € CY X CN @y | Z|* ++ -+ anll Za1* < 1},

where ay, ...,a, > 0 are uniquely determined by
(27) D C E(ah_“’an)
and H?:l a;»vj attains its mazimum (this is equivalent to c% = H?Zl aj-vj )

Proof. The proof of this corollary follows directly from Proposition 2.5 and the
fact that

¢4 =max {det A : A is positive definite and F, is Hermitian ellipsoid,
(2.8) DCE4s}.

When E(q, ... a,) is the minimal circumscribed Hermitian ellipsoid of D given
by (2.6), one has

(2.9) & =ar .- aln. 0
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For A, B € MN-N(C), let A ~ B :=A is similar with B. We define

— N Np,. f(Zla-Hyanlatlw--atm)<0;
(210) Dh = {(Zl,...,Zn)G(C x C ) ZTLZ:LNCD[tth"'"tm] ’

where ¢ is positive constant, D[t1,ts,...,t;,] denote m x m diagonal matrix
whose ith diagonal element is t;, t; € [0,1) (j = 1,...,m),

n—1 m
(2.11) F(Z1y o Znasty,tm) = > 11Z51177 = [T = t).

j=1 k=1

Remark 1. We may check that Dj, defined by (2.10) and (2.11) is a holomor-
phically convex balanced domain, and the Hua domain defined by (1.6) can be
identified with Dy, if we view Z,, as a matrix in R4 (A = I,II,III), and the
eigenvalues of Z,,Z% as t1,...,tm.

Next we will find the minimal circumscribed Hermitian ellipsoid of Dj. By
applying Proposition 2.5 and Corollary 2.6 to Dy, the minimal circumscribed
Hermitian ellipsoid of D), has the form given by (2.6). In order to find the min-

imal E,, ... a,), We only need to find the maximum value of ch = Nl el
Let ||Z;||* = rj, then
n—1 m
f(’l"]_,... ;rn71>t17~-~atm) = Z’I";)J — H(l —tk)
j=1 k=1

is the defining function of Dy,.
Now we are considering the extremal problem with

f(r,t) >
ﬁl_f

n

Minimize: f(ri,..., 1,81+ ,tm) Z
(2.12) =t

n—1
Subject to: »  a;rj + can(ty+ -+ +tm) =1, 0<7; <1, 0<t; < 1.

j=1
Notice that when ¢ + -+ + t,, is fixed, we know []7Z (1 — t;) attains its
maximum at where t;y = to = --- = t,,, =: t. Therefore, to solve Problem
(2.12), it is equivalent to solve

n—1
Minimize: f(r,t) := f(r1,...,"n-1,t) = Z rfj —(1=-tm
(2.13) =

n—1
Subject to: g(r,t) : Za]rj+can t=1,0<r;<1,0<¢t< 1.
Jj=1

Assume that Problem (2.13) takes its minimum value 0 at point
(r°t°%) := (v9,...,72_,,t%).

Let D denote the boundary of domain D. Then (r°, ) must be located
at where 0D}, and OE(,, .. .,) meets tangentially. Notice that f(r,t) is the
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defining function of Dy, so that

n—1
(2.14) FOO0, .10 10) = (Zrﬁ-}j —(1- t)m) oy =
=1 ’
And a; (1 <j <n) as well as t° can be expressed as functions of r9,...,79_,,

N;

which are uniquely determined so that H?Zl a;

obtain the minimal E,, . 4,) of Dj.

is maximum. Finally, we

Proposition 2.7. If E,, .. a,) is a circumscribed Hermitian ellipsoid for Dy,
defined in (2.10) and (2.11), then

(i) ap := cma, < 1;

(i) a; <1 for1<j<n-—1;

(iil) If a; =1, then ap < pﬂj;

(iv) Ifp; <1 for1 < j <n—1,then Ey _ 1y is the minimal circumscribed
Hermitian ellipsoid for Dy,.

Proof. If ag > 1, we choose ty = i < 1 such that ema,tg = 1. Then (0,¢) =
(0,...,0,%) € 8E(a1’m)a"), but
f(O,to) = —(1 — to)m <0,
which contradicts the assumption E,, .. q,) is the circumscribed Hermitian
ellipsoid for Dy. So Part (i) is proved.
Similarly, one can prove Part (ii).
For Part (iii), we consider (0,...,0,7;,0,...,0,t) satisfying
Tj + a()t =B»
Then
h(r;,t) : = f(0,...,0,r;,0,...,0,t)
= —(1=t)" = (1 —agt)?” — (1 —t)"
=1-pjapt + O(t*) — 1 +mt
= (m — pjao)t + O(*)
> 0.
This implies that
m—pjao >0 or ay<m/p;.
This proves (iii).
To prove (iv), we take a; =1 for 1 <j<n—1and a, = % Then

n—1 m

Fro, o, ) =Y = (=)™ = = (1=t)™ = (1—t)— (1—1)™ > 0,

Jj=1 Jj=1

where Z;le rj +t = 1. Therefore, this ellipsoid E;  ; 1) is the minimal
circumscribed Hermitian ellipsoid for Dy,. (I
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Proposition 2.8. If n =2, then the following statements hold.

(i) If 0 < p1 < m, then the minimal circumscribed Hermitian ellipsoid of
[hliszL;%).

(i) If p1 > m, then E(q,, 1y with a; <1 is not the minimal circumscribed

cm

Hermitian ellipsoid of Dy,.

Proof. By Proposition 2.7, we have a7 < 1 and as < % Then aivlaévz <
(cm)~N2. Let a; = 1 and az = ---. Then on the boundary of Eq, 1, we have

r = 1—+¢.
Since p; < m, we have
fr,t)=1-t)» =1 -t)" >0, mr,te]0,1].

Therefore, E(1,1/mc) is the minimal circumscribed Hermitian ellipsoid of Dj,.
If a3 = 1, Part (ii) was proved by Yin and Su [19]. When a; < 1, for
the points (r1,t) satisfying a1 +¢ = 1, it is easy to check that there exist

r1 € (0,a{*"™) and t € (0,1) such that a;r; +¢t =1, but r{* — (1 =)™ < 0.
Thus E(ah 1) can not be the minimal circumscribed Hermitian ellipsoid of

cm

Dy,. O

Proposition 2.9. If n > 2, E(4,,.. 4,) with a, < ﬁ is the circumscribed

Hermitian ellipsoid of Dy, then there exists another Dy ’s circumscribed Her-
mitian ellipsoid Eg q,... . a,_1,a) Withb <1, ap <a < ﬁ and bM aNr > alNn.

Proof. Considering (71,...,7n-1,t) € OE @ a,.....a,_,,a) and
(2.15)  bri4agro+ -+ an—1rp_1+cmat=1, 1/em >a > a,,b<1.

We need to find a and b such that bV e > aéV" and

n—1
Z rf-j —(1=8t)™>0for (ri,...,rn—1,t) € (0,...,0,1) satisfying (2.15).
j=1

Let ag = cmay, o' = cma. We want to find = € (0,1) such that

n—1
(2.16) 1=0br + Z ajrj +a't
=2
n—1 n—1
=ar1+ Y a;r; +ao [1 - ((1 — ey Yy a1~ t)m)
=2

=2

l/m:|.

Notice that (2.16) holds if and only if

n—1 n—1

(217) ag[1— (1= Jap) Yoo +am (1=)") ]+ agry+ar —1 =0,

Jj=2 Jj=2

1/m
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Next we show that the equality of (2.17) has a positive solution x. Let

n—1 1/m n—1
h(zx) :=agp {1 — ((1 — |x[P) Zrﬁ’j + 2P (1 — t)m> } + Zajrj +axr; — 1.
j=2

Jj=2

Since h(0) = =1+ ag < 0 and bry + 25:21 a;r; +a’t = 1 implies that

l—ag——ap_1—d
7’12 2 b ! .
o=t ay
Ifb<71_ Py we have
n—1
h(l):T1+ZajTj+a0t—l
j=2
n—1
:r1+br1+2ajrj+a't7br17a't+aot71
j=2
=(1-=b)r — (a' —ap)t
l—ag——ap_q—a
>(1-10) a2 7 n—1 a—(a’—ao)>0.
Let
(2.18) ry=ary € (0,1), 7 =rjfor j=2,...,n—1,

1/m
1f—1—(1—|a:|p1 er] zPr(1—¢)™ ) ;

then there exists z € (0,1/r) such that ri+ ZJ —y ;7% +apt’ = 1. Thus

n—1 n—1
(2.19) 0y -ty =2 (3o - 1-t)™),
j=1 j=1

which implies that Z;L 11er (1—=t)™ >0 for (r,t) € OE, 21 L)
Moreover, for any (71, ...,7,_1,t") € (0,1]™ such that +Z] 5 ;T tapt’ =

1 and Z” ! /pJ —(1—+¢)™ = 0. We can reverse the above process by choosing
x>0 such that

flzrllxil, fj:T;- forj:27...,7’l—1
4 nlo o \1/m
i=1—(e(-t)" =@ -3 P) " o1
=

Moreover, there exist a’, b such that
n—1
1=0br + Z a;T; + a't
j=2
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1/m
:xf1+a()[1—<1—|x|p1 Z +I.L'p1].—t) ) ]

j=2
By (2.18) and (2.19), we have

(grjw —(-0m)

For any ag < a’ < 1, we choose

=0.

(F15eesTn—1,t)

1—d — Z;L:_Ql aj . (CLQ)N2/N1

1>1_a0—2?:_21aj a’
Then
a2t > gl
The proof of Part (iii) is complete. O

To solve Problem (2.13), we will divide our argument into the following
cases:

Case 1: (r%,t%) € [0,1)".

By the Lagrange multiplier method, the minimizers of extremal problem
(2.13) must be located in the solutions of

pﬂ?rl =aji\j=1,...,n—1(1—=t)""" = cay),

(2.20) nl
Z a;jri + cap,mt = 1.
j=1
From (2.20), we have
(2.21) pjrfj =a;r;A, 1<j<n-1;, mt(l- )™ = emant),
and
(2.22) ij Pmt(1— )™ =\
Therefore,
(2.23) a; :pjrffl/A, j=1,....n—1; ap=c (1 —-t)""1/\
Let
(2.24) F(ri,...,rp_1,t) :=det A=a"...a"
I )0,
e A cA
j=1
n—1

- Cp rN (p]—l)(l . t)N"(mfl)AfN
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where
n—1 n
(2.25) Cp=]]pc ™, N=>N,
j=1 j=1
By (2.14) and (2.22), we have
n—1 n—1 n—1 .
(2.26) A= prt +m( = QY™ )
j=1 j=1 j=1
n—1 n—1 .
=D (o —m)ry +m(Yy_ )
j=1 j=1
Let
(2.27) yj =71y, j=12,...,n—-1
Then
n—1 n—1 n—1
(2.28) A= "pyi—m Y yi+m(> gt
j=1 j=1 j=1
Thus
8/\ n—1 )
AN _ N—1/m
(2.29) by, ~P T +(m 1)(; y;) "™,
Then
—1 O\ n—1
(2.30) > Yig— =A— (> yy)tm=/im,
j=1 y] j=1
Thus
(2.31)
n—1 m—1 n—1
G :=logFF = —N log A\ +log CD—i—Z N;(1-1/p;)log yj+TNn log(z )
j=1 j=1
and
oG N O\ 1 -1 1
(2.32) = R SN 1) + e Ny = 0.
9y, Ady; Y me Y
Thus
oA m—1 y;
(2.33) ~Ny;j— + N;(1 = 1/pj)A+ —— —L—N, A =0.
ayj m Z?:f Yj

Summing up (2.33) for j =1,...,n — 1, one has

n—1 n—1
m—1)/m m—1
(2.34)  —NA+NO y)m /M43 N;(1-1/pj)A + ———NpA=0.

Jj=1 Jj=1
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Therefore,
N, n—1 N, n—1
2. R N N
(2.35) D o AN ) 0
-1 =
and
n—1 m— m . .
(2.36) = VOSSN
| IR Y= DN
m J=1 p;
where
nt N. n—1 N,
Jj=1 m = Dj

By (2.29), (2.33) and (2.37), one has

1 Ny

(2:38) —Ny;[(p; —m) + (m — 1)b~/"] 4+ N;(1 = 1/p;)A+ ===y, = 0.

By (2.36) and (2.38), one has

“im _m—1N,Nb~l/m

(2.39) yj[N(pj —m)+ N(m—1)b m N(p)

} = N](l — 1/pj)>‘
Therefore,
Nj(l —3 l/pj)b

N(p)(pj — m)bM/™ + (m — 1) — Bt s

N;(1—1/p;)b '
N(p)(p; = m)bH/™ + (m — 1) 3525 Nie/py
Summing up (2.40) for j =1,...,n — 1, we have
N;(1—1/p;)b
* N(p)(pj; — m)b/™ + (m — 1) S5 =y Ni/pw

(2.40) Yyj =

n—1

b:
J

Then

1
.

N;/pi(p; — 1)

(2.41) w1
T N(p)(p; —m)b"/™ + (m — 1) 32371 Nie/pk

<.
I

It is clear that

1/m __ 22;11 Nk/pk?
(2.42) piim = Sk

is a solution of (2.41).
Let

(2.43) I={1,....n—1}, J={j:p,=1jel}.
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By (2.40) and (2.42), one has

Nj  (3RC) Ne/peymt

= = , el\J
PG N ) e
By (2.23), (2.27), (2.36) and (2.44), we have

(2.44) Yi

N, n—l a7 m—1 N N m—1
(245) a; = py[ i (ZA=L RPN oy, M) (NP
ij(p) N(p) N k=1 Nk/pk
1/pj ar1=1/p; m/p; n—1
p; "N N (p)™/Ps —(m=1/p;
DEEE— (ZNk/pk) LoGelNd,
k=1
and
(1-tm! b N(p)
2.46 = _ 4 .
( ) a CA c%b(m—l)/’m cN
For j € J, by (2.23), we have a; = 1/X. Thus (2.36) and (2.42) yield
n—1
_ N(p)m (1-m)
(2.47) 0= (;Nk/pk) j €.
Case 2. Either t° = 1 or there exist some 7 =1
1. If t° =1, by (2.13), one has that 7 =0 for all 1 < j <n — 1, then
(2.48) cma, =1,

When mN (p) < N, one can easily see that there exists at least one p; > m, we
may assume that p; > m. For any point (r1,0,...,0,t) satisfying a1m +t =1,
by (2.13), we have r{* — (1 —¢)™ > 0, which is impossible by the proof of Part
(ii) of Proposition 2.8. Therefore, this case can not happen when mN (p) < N.

2. If there exist some r? = 1, then by (2.13), there is only one T‘;-J =1, we
may also assume that r{ =1, then r{ = 0 for k # 1 and t° = 0 such that

(2.49) ap = 1.

When mN(p) < N, by the discussion above, we have cma,, < 1. For n > 2,
Then E( q,,...0,)(an < %) is the minimal circumscribed Hermitian ellipsoid
of Dy, which contradicts statement of Proposition 2.9. Therefore, this case also
can not happen.

As a summary, we have proved the following theorem.

Theorem 2.10. Let m,n, Ny, ..., N, be positive integers and p1,...,pn—1 are
positive real numbers such that mN(p) < N and (2.41) has unique solution b
given by (2.42). Let Dy, be defined by (2.10) and (2.11). Then the minimal
circumscribed Hermitian ellipsoid of Dy, is given by

(2.50)

Blar,. oy = (71, Z0) €TV 5 X T 2 0y | Z4 4+ an| Zal? < 1},
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where a; are given by (2.45)-(2.47).

Remark 2. (i) If we substitute p; = 1 into (2.45), then we obtain (2.47) even-
tually.
(ii) Let
Ju={jlp; <1, jel},
(2.51) Jo={j|l1<pj<m, jel},
Js == {j|pj >m, jE I}
By (2.41), we let

n—1

B N;/pj(p; — 1)
(2.52) H(t) = ; N(p)(p; —m)t + (m —1) 1=} Ni/pie

Notice that
n—1
N;/pi(p; —1)(p; —m
(253) H/(t) :N(P)Z J/ ]( J )( J n,)l .
2 [N @) (o — )t + (m — 1) S0 N/l
If I\ J = J, for either i = 1,2, 3, then H(¢) is monotonic function and (2.41)
has unique solution b given by (2.42).

3. Explicit formula for C-extremal maps

Let
q?, if A=1;
(3.1) N, = 9t - f A = [T,
W) it A= I

q, ifA=1orII; 1, ifA=1TorlII;
(3.2) m = . c= .
{2[3]7 if A=1II. {;7 it A=1I1I.

By Remark 1 and Theorem 2.10, we can obtain the minimal circumscribed
Hermitian ellipsoid of Hua domain, which promotes us to give the C-extremal
map for the Hua domain in this section. When m = 1, Hua domain is ellipsoid,
we may consult [8] for discussion of the C-extremal problem. Therefore, in this
section, we may assume that m > 1.

We are going to view HE4(n,N,p,q,¢) as a domain in CN x C
Ra(q,f) (A=1,11,1II) as a domain in CN» as follows:

(i) For Z € Ry(q,0), we let

N and

(33) zZ = (2’11,...,Z1q7221,...,22q,.. .,Zq[) S (qu

and ||z]|2 = || Z]|? = tx(ZZ%).
(ii) For X = [z,x] € Rr1(q), we consider
. 2
(34) R]](q) = {Z Tk = gk

V2pjk

. X € Rir(9)},
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where
1, ifj#k
(3.5) pj’“:{l if j =k
V2’ -
For Z € R[](q), let
(3.6) 2= (2115 21g, 2225 - - 1 225 - - - » Zqq) € cu5

Then
I21* = 1Z]I* = tr(X X*).
Instead of HE;(n,N,p,q), we define

HEr;(n,N,p;q) := {(w17~-~,wn—17Z) € CN x Ris(q) :
(3.7) Jwi]|?P + -+ Jwp—1||?Pt < det(I — ZZ%)},

where Z = [2;] € Ri1(q).

(iii) For Z € Rr11(q), we let
a(¢g—1)
(38) z = (212, sy R1qy R235 -0 05 R2gy - - ,Z(q—l)q) eC
and 2||z||? = 2||Z||? = tr(Z2Z%).

Let I,J be defined by (2.43). Now we can state the main results of the
paper. By Proposition 2.2, Theorem 2.10 and Remark 2(i), It is easy to prove
the following theorem.

Theorem 3.1. Let HE 4(n,N,p,q,¢) (A = I,III) (or HE;;(n,N,p;q)) be
Hua domain defined by (1.6) (or (3.7)) with N = Z?Zl Nj and p1,...,pn—1
are positive real numbers. If mN(p) < N and (2.41) has unique solu-
tion b given by (2.42). Then the C-extremal map F : HE(n,N,p,q,{)
(or PfEH(n,N,p;q)) — By is given by

(3.9) F(wy,...,wp—1,2) = (\/a1w1, ... ,\/Gn—1Wn_1,/anZ),

where
(3.10)
1/pj arl—=1/p; 1/p; n—1 o _
_p N, N(p)'/ps (m=1/p; _ N(p)
aj; = N (;Nk/pk> j el an—W-

Theorem 3.2. Let HE;;(n,N,p,q) be Hua domain defined by (1.6) and
Pl ---yPn_1 are positive real numbers, mN(p) < N and (2.41) has unique
solution b given by (2.42). Let F(wy, ..., wy—1,Z) be the map defined by (3.9)-
(3.10) and

(311) h:HEII(n7N7paq)%IfEII(T%Napaq)v

(312) (U}l7 e, Wh1, [xjk]) —> (wl, ey, Wp—1, [\/ipjkxjk])-
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Then the C-extremal map T(wi,...,wy—1,X) : HE(n,N,p,q) — Bn is
given by

(3.13) T=Foh.

Proof. By Theorem 3.1, the C-extremal map F (w1, ..., w,_1, Z) from IfEH(n,
N,p;q) to By is given by (3.9)-(3.10). Let X = [z;] € Rii(q), [Z] =
[V2pjkzjk] € Ri1(g), we consider

h:HE(n,N,p,q) = HE1(n,N,p, q)

(Wi, Woo1, [T58]) = (w1, W1, [ﬁpjk%'k]).
Obviously, & is biholomorphic mapping from HEj;(n,N,p,q) to }fEII(n,
N,p,q). Let T = F o h, then T(wy,...,w,—1,X) is the C-extremal holo-
morphic map from HEjr(n,N,p;q) to By. O

By Theorem 3.1 and Remark 2, it is easy to prove the following corollary.

Corollary 3.3. Let HE4(n,N,p,q,¢) (A= 1,III) (or IfEH(n,N7p;q)) be
Hua domain defined by (1.6) (or (3.7)) with N = 337 N;. Then the C-

extremal holomorphic map F : HE o(n,N,p, q,£) (or IfEH(n,N, pP;q)) — By
is given by

F(wi,...,wp—1,2) = (\/a1wi, ... ,\/Gn—1Wn_1,/0nZ).
Let K = {k|px = m,k € I}. If I\ K = Js is non-empty or I\ J = J3 such
that mN (p) < N, then (3.9)-(3.10) hold.

Remark 3. For Hua domain of the first type HEr(n,N,p,q,¢) with N =
Z;'L:1 Nj.

(i) When all p; > m, the results of [10] and [13] are included in statement
of Corollary 3.3.

(ii) When n = 2, p1 = k, the results of [19] and [15] are included in state-
ments of Proposition 2.8 and Corollary 3.3.

(iii) When HE;(n,N,p,q,¢) = CE;(k,q,¢) with n = 3, No = ¢/, p1 =
1,p2 = k, the result of [12] is included in Proposition 2.7 and Corollary 3.3.

Acknowledgements. The author gratefully acknowledge her appreciation to
professor Song-Ying Li for his supervision.
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