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SYMMETRY AND MONOTONICITY OF SOLUTIONS TO
FRACTIONAL ELLIPTIC AND PARABOLIC EQUATIONS

FANQI ZENG

ABSTRACT. In this paper, we first apply parabolic inequalities and a
maximum principle to give a new proof for symmetry and monotonic-
ity of solutions to fractional elliptic equations with gradient term by the
method of moving planes. Under the condition of suitable initial value,
by maximum principles for the fractional parabolic equations, we obtain
symmetry and monotonicity of positive solutions for each finite time to
nonlinear fractional parabolic equations in a bounded domain and the
whole space. More generally, if bounded domain is a ball, then we show
that the solution is radially symmetric and monotone decreasing about
the origin for each finite time.

We firmly believe that parabolic inequalities and a maximum principle
introduced here can be conveniently applied to study a variety of nonlocal
elliptic and parabolic problems with more general operators and more
general nonlinearities.

1. Introduction

Symmetry of positive solutions of the local elliptic equation in unit ball
was first established by Gidas, Ni and Nirenberg [16]. In recent decades, el-
liptic equations involving nonlocal operators, especially fractional operators,
have received extensive attention and a number of results have been achieved
[4,5,7,10,12,15,19,21,29-31] since the work of Caffarelli and Silvestre [3]. For
other results on fractional Laplace equations, we refer readers to [2] for regu-
larity and maximum principles, [14,28] for existence and symmetry results of
a Schrodinger type problem, [25] for regularity up to the boundary, [26] for
mountain pass solutions, [6,8] for a review, and references therein.
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For parabolic problems, first symmetry results of similar nature started to
emerge much later. After a prelude [13] devoted to time periodic solutions,
and symmetry of general positive solutions of parabolic equations on bounded
domains was considered in [1,17] and later in [22,23]. Li [20] obtained sym-
metry of positive solutions for fully nonlinear second order parabolic equations
with symmetric initial values. In 2006, Poldcik [24] studied symmetry prop-
erties of positive solutions for second order quasilinear parabolic equations in
R™ and proved that such solutions are symmetric at each time ¢ < T'(> 0).
So far, the symmetry results of the solutions for parabolic equations involving
nonlocal operators are still very few. Recently, Jarohs and Weth [18] estab-
lished asymptotic symmetry of weak solutions for a class of nonlinear fractional
reaction-diffusion equations in bounded domains. Chen, Wang, Niu and Hu [9]
introduced an asymptotic method of moving planes and obtained asymptotic
symmetry of solutions for fractional parabolic equations.

In this section, we present the symmetry and monotonicity of solutions for
the following fractional parabolic equation

(1) { % + (=A)su(z,t) = f(z,t,u(x, b)), (z,t) € Qx(0,T),
u(z,t) = ¢(x, ), (z,t) € (R"\Q) x [0,T),

where 2 is a bounded domain in R™ which is symmetric and convex in the x
direction and 0 < T < 400, n > 2. We call a domain {2 convex in x; direction
if and only if (x1,2'), (2}, 2") € Q imply that (yz; + (1 — y)z},2’) € Q for
0 <~ < 1. For each fixed ¢t > 0,

u(gc, t) — u(y7 t)

(_A)su(l',t) = Cn’SP.V |I — y‘n+25

)

Rn
where 0 < s < 1 and P.V. stands for the Cauchy principal value.
Define

u(z, 1)]
R 1 + |x|n+25
then it is easy to see that for u € C’llo’cl, N Las, (—A)%u(x,t) is well defined.
Our main results:

Theorem 1.1. Assume that u(x,t) € (Cllo’cl(ﬂ) N C(R™)) x CX([0,T)) is a
solution of (1) which is continuous on Q x [0,T], f is Lipschitz continuous in

u and satisfies

(2) f(zl,x’,t,u(z,t)) S f(il,x',t,u(x,t)) fOT’ Z1 S j}l S —T1, (‘Tlv'rl) € Q.

Los = {’U,(,t) € Llloc(Rn) | dr < +OO},

Suppose that the initial-boundary values of u satisfy the following:
(3) u’(x) = u(x,0),u’(z1,2") < u®(F1,2") for x1 < &1 < —x1, (v1,2") € Q.
4) 0@t <wulx,t), (7,t) € (R"\Q) x[0,T), (z,t) € Qx[0,T).

Then u is monotone increasing in x1 for x1 < 0 and u(xy,2’,t) < u(—x1,2',t)
for (z1,2) €Q, 21 <0 and 0 <t <T.
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Remark 1.2. The assumptions that u(z,t) € (C21(Q) N C(R™)) x C([0,T))

loc
and u is compact supported ensure that the fractional Laplacian (—A)*u(x, t)

is well defined for each fixed ¢. The solutions of fractional parabolic equations
can be negative.

Theorem 1.3. Under the hypotheses of Theorem 1.1, if u(x,t) € (C’lla’i QN
C(R")) x C([0,T)) is a solution of (1), in addition, assume that
(5) f(xl,m’,t,u(x,t)) = f(_xlax/’t7u(x7t)) for ('rlvxl) € Q,

and the initial-boundary values of w are symmetric in {x1 = 0}, then u is
symmetric in x1 and has only one crest. That is

u(zy, 2’ t) = u(—z1,2',t)
and

%(ml,x’,t) >0 for (v1,2') €Q, x1 <0, 0<t <T.
1

Furthermore, if the initial value is not independent of x1, we have

(6) 887”($1,x/,t)>0f0r (v1,2) €Q, 21 <0, 0<t<T.
1

When (2 is a special radial domain in R™, we obtain the following radially
symmetry of solution for the following parabolic equation

@M M Cayule ) = St D), (1) € Bi0) < (0.7).
Theorem 1.4. Let u(z,t) € (C’llo’cl (B1(0))NC(B1(0))) xC*([0,T)) be a positive

solution of (7). Assume that f(x,t,u(z,t)) = f(|z],t,u(x,t)) is decreasing in
|x| and Lipschitz continuous in u for t > to and some time tg > 0. And the
boundary values of u satisfy

(8) u(z,t) =0, (z,t) € B{(0) X [to, T).

Suppose that

(9) u(z,to) = u(|z|,to) and u(z,to) is decreasing in |z|.

Then for every time t € (tg,00), u is radially symmetric and monotone de-
creasing about the origin, that is

(10) u(z,t) = u(|z|,t), z € B1(0), t € (to,T).

Remark 1.5. One can see that if the solution of (7) at any time ¢y > 0 is radially
symmetric, then at all times tg < ¢t < T, the solution is radially symmetric.

Theorem 1.6. Suppose that u(x,t) € (CLH(R™)NLss) x C1([0,T)) is a positive
solution of

(11) % + (=) °u(x,t) = f(z,t,u(z, b)), (z,t) € R" x (0,T).



1004 F. ZENG

Here f is Lipschitz continuous in u and satisfies

(12) f(zy, 2 t,u(z, b)) < f(Z1, 2", t,u(x,t)) forzy < Zp, 11 <0, (z1,2") ER™.
Assume that for all t € [0,T)

(13) lim u(x,t) =0.

|| =00
Let u°(z) = u(z,0) satisfies
(14) u(z,0) = u(|z|,0) and u(z,0) is decreasing in |z|.
Then u is monotone increasing in x1 for x1 < 0 and
u(zy, ' t) <u(—z1,2',t) forzy <0, 0<t<T.

Furthermore, if f(z,t,u) = f(|z|,t,u), then u is radially symmetric and
monotone decreasing about the origin for each time t € [0,T).

In Section 2, we establish the maximum principle for the anti-symmetric
functions to fractional parabolic equations. Then we give an application of the
maximum principle for the anti-symmetric functions to the following fractional
elliptic equation with a gradient term

(=L)u(z) = g(z,u(z), Vu(z)), =e,

(15) u(z) >0, x €,
u(x) =0, r € QF,
where () is a bounded domain in R™ which is convex in xz; direction.
In the following, we denote Vu = (ad—;l, 57“27 ceey aaTun) by p = (p1,p2,---,Pn)
and prove:
Theorem 1.7. Suppose that u(z) € C’llo’cl(Q) NC(Q) is a solution of fractional

elliptic equation (15) with g(x,u, p) is Lipschitz continuous in (u,p) and
forxy <z, ¥y +21 <0 and p; >0,

g(x1, 2’ u,pr,pas o) < g(ah, @ u, —piypa, ).

Then u(x1, ') is strictly increasing in the left half of  in x1-direction and

(17) uw(zy,2') <wu(x),2'), Vo, <z, z1+2] <0, (z1,2") € Q.

(16)

Furthermore Zf g(xlaxla Uy P1,P25 - - - apn) = g(fxlaxlaua —P1,P2,--- 7pn)7 then
u s a symmetric function of 1 = 0, that is

w(zy, ') = u(—x1,2").
Remark 1.8. Theorem 1.7 has been obtained in [11] different from our methods.

In Section 3, we give the proof of Theorem 1.7 by a maximum principle
for anti-symmetric functions and the method of moving planes. Section 4 is
devoted to the proofs of symmetry and monotonicity of solutions for fractional
parabolic equation in bounded domain and the whole space.

Throughout the paper, C' will be the positive constant which can be different
from line to line and only the relevant dependence is specified.
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2. Maximum principles

In the section, we introduce a maximum principle for fractional parabolic
equation.

For simplicity, we list some notations used frequently: for A € R, ¢ € [0, 00),
denote z = (z1,2'), 2* = (2A —21,2'), Th = {x € R" |2, = A}, ) = {z €
R” |z, < A} and £y = {z € R" |z > A}. Set

uM(z,t) = u(a, t), w(z,t) = u(x,t) — u(z,t).

We call a function wy(z,t) is A axial antisymmetric function, that is, for ¢ > 0,
wy(x,t) is A antisymmetric function in R™ if and only if

(18) wx(T1, T2, .., Tp,t) = —wA(2A — 21,22, ..., Ty, T).

Now we introduce a maximum principle of the anti-symmetric functions for
fractional parabolic equation.

Theorem 2.1 (Maximum principle for anti-symmetric functions). Let 2 be a
domain in ¥x. Assume that wy(z,t) € (CLEH) N Las) x C([0,00)) is lower
semi-continuous in x on ) and satisfies

(=A)wa(x,t) >z, )wr(z,t), (x,t)€Qx(0,00),
—wy(z,t), (z,t) €X\ % (0, 00),
(, g (2a\2) x[0, 00),

2 (2, )+

, T
(19) wAEx t) )2
wy(z,0) >0

where c(x,t) is bounded from above.
(i) If Q is a bounded domain, then we have

(20) wy(z,t) >0 in Q x [0,T];

(ii) If Q is unbounded, then the conclusion (20) still holds under the addi-
tional condition: for all t € (0,T]

(21) lim wy(,t) > 0;

|z] =00

(iil) Furthermore, under the conclusion (20), if wy(z,t) attains O at some
point (xg,t9) € Q x (0,T), then

(22) wy(z,tg) =0, a.e. x € R™.

Remark 2.2. As we can see from the proof, if c(z,t) = 0 or  C Xy is a bounded
narrow region, the conclusions of Theorem 2.1 still hold. For more maximum
principles of nonlocal parabolic equations, see [27].

Proof. (i) Let m be a determined positive constant to be chosen later and

Wy (x,t) = e ™wy (x,t).
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Then from (19) we have
O
ot

= —me ™wy(x,t) e ™

(x,t) + (=) wy(z, 1)

(23) wx

5t (z,t) + e ™= A) wy(z,t)

V

(—m + c(x, t))wx(x, t).

We will establish (20) by proving
(24) wy(x,t) >0, (z,t) € Qx[0,T).

If (24) does not hold, then the lower semi-continuity of wy(x,t) in = on Q
indicates that there exists a (2°,t%) € Q x (0, 7] such that
W (2°,%) := _min Wy (z,t) <O0.
Qx(0,7]

Since w) and w)y have the same sign, one can further deduce from the third and
fourth inequality of (19) that (z°,¢°) is in the interior of € x (0, T]. Therefore
90 (20,%) < 0.

From the definition of fractional Laplacian, we have

a’w,\

(25) 2220 00) 1 (- 2) (o, 19)
< C PV w)\(xoato)_w)\(yvto)
S OuaPV. | T g
w)x(xoato)fwk(yato) w)\(g:07t0)7w)\(yato)
= C, PV. {/ dy+ dy
! s eyl SRR T
—C. PV {/ ’(U)\(Jfo,t ) w)\(yv )d +/ 1U)\(Cco7t0)_1U)\(y)\,tO)dy}
n,s s\ |x0_y‘n+25 N |x0_y)\|n+28
w)\(xo to) w)\(yvto) w)\(xoato)—’_w)\(yato)
= oy [| SRR S [ IS
<c wy (2° tO w,\(y,to)+w>\(ﬂc0,t0)+w>\(y,t0) p
n,s o A|n+2s |x0_y)\|n+25 Y

2w,\m to
Cns/ 20— A|n+25d y < 0.

From (23), we derive
0w
ot
Since ¢(z,t) is bounded from above, we choose m such that —m + c¢(x,t) < 0
to derive that the right hand side of (26) is strictly greater than 0. This

contradicts (25). So we obtain (24).
Therefore, (20) must be true.

(26) (a:o, t9) + (=) 5wy (22, %) > (—m + c(xo,to))w,\(xo, t9).
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(ii) If Q is unbounded, then (21) guarantees that the negative minimum
of wy(z,t) must be attained at some point. Then one can follow the same
discussion as the case of (i) to arrive at a contradiction.

(iii) Next we prove (22) based on (20). Suppose that there exists (zg,%0) €
Q x (0,7T] such that

U))\(xo,to) =0.

It is obvious that (zg, o) is the minimum point of wy(z,t). Hence,

ow
Tj(zoato) <0
So we have
ow
8tA (xo,t0) + (=A) wa(z0, to) — c(o, to)wa (0, to)
(27) B 311&( to) + Co PV —wx(y,to) d
T ot Zo, o n,sL V. - |$0—y‘"+25 .

If wy(x,tg) £ 0 for any « € Xy, to € (0,7, then (27) implies

W(Io,to) + (=A)*wx(z0,t0) — (w0, to)wa(wo, o) < 0.

This contradicts (19). Hence wy(z,t9) =0 in Xy, to € (0,7].
Recalling wy (2}, t) = —w (z,t), we arrive at

wy(x,tg) =0, ae. z € R™

This completes the proof Theorem 2.1. (I

3. Symmetric and monotonicity of solutions for
fractional elliptic equations

We first establish a parabolic inequality, then derive symmetric and mono-
tonicity of solutions for fractional elliptic equation by the method of moving
planes and the maximum principle for antisymmetric functions to parabolic
equations.

Proof of Theorem 1.7. Since () is a bounded domain with smooth boundary
and convex in the x; direction, without loss of generality, we may assume

Qc{|z1] <a}, a>0, 00N{zx1=—a} #0
and
Oy = {(zl,x') €0 | —a<x < /\}7 Y= {(l'l,ftl) e R"” ‘ r, < /\}

Denote v(z) = u(z?) = u(2\ — z1,2') and wy(v) = v(z) — u(z).
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From (16), if p; < 0, then by Lipschitz continuity of g with respect to p,
there exists a positive constant C' such that for 1 < z}, z1 + ) < 0, we have
g(x/laxlvua —P1,P2,--. apn) - g(mlvm/,uvplvp% oo ,pn)

= g(x’l,x',u, —Pb1,P2,--. 7pn) - g(xllvirlauv()?p% s vpn)
+g(x117x/7u707p27 s 7pn) - g(x17$/uu707p27 cee 7pn)
+g(xlax/7u707p27 v apn) - g(xhx/au?pl?pQ? B apn)
> g(xh m/,u, 0,p2, ... 7pn) - g(.’L'll,.’I}l,U,O,pg, s 7pn) + Cpl
> Cpr.
It follows that there is an L function 8 > 0, such that for 1 < z}, z1+x] <0
and all pq,
(28) g(xllvxlau7 —P1,DP2,--- 7pn) - g(l‘h x/,u,prQ, e apn) Z /8p17

here 8 depends on z1, z}, p.
Then v satisfies

(=A)*v = gz, v, —vy, Vo)
> g(z,v,v1, Vyv) + Bor, © € Qy,
with § € L™, by (28). Hence w)(x) satisfies
(=A)wy(z) = g(z, v, —v1, V) — gz, u, Vu)
> g(x,v, Vo) — g(x,u, Vu) + po;.

Since g(x,u,p) is Lipschitz continuous in (u,p), it follows that for suitable
bounded functions b;(x), c(x),

(=2 wx(@) + Y bj(@)(wr);(x) + e(@)wx (@) — Bor(z) > 0,
j=1

where ¢(x) = g(m,u,vv(:)):igi,)v,vu)’ (wr); = (?91;; But
ow
87;(‘”) = 2uq (27, 2') = —2u1 (2).

Hence we derive the following parabolic inequality for wy(x) as a function of =
and A,

(29) gaa% + (—A)°wr(z) + bj(x)(wy),(x) + c(x)wr(z) > 0.

It holds in a region V in (x, \) space
V={(z1,2",)) | —a <z <A<\ (z1,2") € W}, A< a.

Next, we will use the moving plane method to divide the following two steps
to prove (17).
Step 1. Start moving the plane T from —a to the right in x1-direction.
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We will show that there exists § > 0 small enough such that

(30) wa(z) >0, YV €y, A€ [—a,—a+d].
If (30) does not hold, we set
A= inf  wy(z) <0.
TEQN
—a<A<—a+d

Obviously, wy(z) =0, 1 = A. From u(z) > 0,z € Q and u(z) =0, z € Q°, A
can be attained for some
(S‘aj) € {()\,17) ‘ (>‘7I) € [7&, 7(14’5] X QA}

Noticing that wx(z) > 0, x € 9Q N X5, we have T € Q5. From the fact that
Y2 .NQ=0¥_,nQfor A = —a, one gets w_4(r) >0, v € X_, N This
implies A > —a. Since (), 1) is a minimizing point, we have

(31) Vows(z) = 0
and
(32) aw(,;/\(x) I3 < 0.

By a direct computation, this implies that (8,,u)(z*) < 0. We derive
(Vauz)(@) = (Vou)(2).

So (wy),;(Z) = 0.
We have w_,(Z) > 0 and wy(z) > 0, z € Z)\Qx, A € [—a,—a+7]. By (29),
for 0 small enough, 2, is a narrow region, applying Theorem 2.1, we derive

wa(z) >0, Ve, X€[—a,—a+d].

Hence (30) is proved.
Step 2. Keep moving the planes to the right till the limiting position Ty, as
long as (30) holds. Define

M={-a<A<0|w,(z)>0,VeeQ,, V<Al
By the definition of Ay and the continuity of u(z), we have
wy,(x) >0 for all z € Qy,.

We claim that Ay = 0 via contradiction arguments.
Suppose on the contrary that A\g < 0, we first show that

(33) Wy, (x) >0, T € Qy,.
If not, there exists xg € ), such that wy,(xg) = 0. So (A, Zp) is & minimizing
point. Since we have (8,,u)(x3°) = (9, ux,)(20) = (du,u)(zo) for i =2,...,n

and (&clu)(x(’)\o) = —(0z,ur,)(20) = —(0z,u)(x0) < 0 by (32) and (31). We
use property (16) of g(z,u,p) and obtain

(7A)Sw)\o (Io) = g(l‘éo,uxo (1'0)’ vu}\o (IO)) - 9(330, U(Io), VU(IO)) > Oa
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which contradicts

—wy, (Y)
—N)’wy, (z :CnSP.V./ — 20 _dy <0
( ) 0( 0) s - |IO 7y|n+2s Y
by wy, # 0.
Suppose that Ay < 0, we claim that there exists €9 > 0 small enough such
that

(34) wx(z) >0, £ €, VA E (Ao, Ao+ €0)-
Suppose (34) is not true, one gets
A= inf wy(z) <0, for a sequence of A\ \( A\g, as k — +oo.
JALx,

The minimum Aj can be obtained for some pi € (Ao, Ai],zr € Q,, where
wy, (k) = Ay by the same reason as in Step 1. By the property of A;, we have
e — Ao as k — +oo. Let w(z) = e ™ w,, (), m > 0. It follows from (31)
that

(35) (ﬁ))](xk) = 0.
Case 1) If 8 > 0. From (29), we obtain
(36) gaa—i(xk) + (=2’ w(zy) > (—gm —c(xg))w(zg) > 0,

by choosing m such that fgm — ¢(z1) < 0 since ¢(z) and S are bounded. On
the other hand, by (32), 8 >0, w(zx) < 0 and (25) in Theorem 2.1, we have

B 9w
2 Opu,

This contradicts (36), thus we have (34).
Case 2) If 5 =0. From (29) and (35), we have

(=2 w(xg) + elag)w(zg) > 0.
It follows from (33) that for any § > 0

(zx) + (—=L)°w(xg) < 0.

Wi (x) >¢o >0, Ve s
By the continuity of wy with respect to A, for A\g < pr < Ag, such that
(37) Wy, () >0, VoeQy_s V< (X, o+ €o).
For narrow region Q,, \Qx,—s, we apply the following Narrow region principle.

Theorem 3.1 (Narrow region principle, [5]). Let Q be a bounded narrow region
such that it is contained in

(2] A=<z <A} C Iy
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with small 6. Suppose that wy € Cllo’i N Los and is lower semi-continuous on

Q. If c(x) is bounded from below in Q and

(=A)Pwyr(z) + c(x)wr(x) >0, =€,
wy(2?) = —wy(x), T € Xy,
wy(z) >0, x € XA\ Q,

then for sufficiently small §, we have
wy(z) >0, z € Q.
Then we have
Wy, () >0, Ve, \Qx-_s
This together with (37) implies
wy, () >0, Ve eQ,,, ¥ u, € (X, o+ o).

This is a contradiction with the definition of A\g. Therefore \g = 0 must be
valid.
Hence

(38) w(@y, o) <u(—z1,2'), V (21,2") € Q, 21 <O0.
Furthermore, similar to the proof of (33), we can actually deduce that
wx(z) >0, x € Ay, VA<O.

For any (z1,2'), (21,2") € Q with 0 > 21 > 21, one can take A = 151 Then
we have

w(zy, ') > u(dq,z')
and hence u(z1,2’) is strictly increasing in the left half of  in x;-direction.

MOI’GOVQI‘, if g(mh Z‘/, U, p1,pP2,--- apn) = g(_xla J)/, U, —pP1,P2,--- 7pn)) then
we have 4(x1,2") = u(—xz1,2') also solves (15). Thus we have derived that

(1, 2") <a(—wx,2'), V (z1,2") € Q, 21 <0,
or equivalently,
w(zy,2') > u(—x,2'), V (z1,2') € Q, 21 <0.
Combining this with (38) yields that
uw(xy, ') =u(—z1,2"), V (21,2') € Q, 21 <0,
that is, u is symmetric in the x; direction about x; = 0. This completes the
proof of Theorem 1.7. O
4. Symmetry and monotonicity of solutions for

fractional parabolic equations

In this section, we apply maximum principle for fractional parabolic equa-
tions to obtain symmetry and monotonicity of fractional parabolic equations
in bounded domains and the whole space.
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4.1. Bounded domain

Proof of Theorem 1.1. From (3), one knows that the initial values of u are not
a constant and strictly increasing in x; when x; < 0, then increasing the time
t, we only need to show that u is monotonicity increasing in x; for each time
when 21 < 0. Denote

—a:=min{z; |[z€Q}, a>0, W ={z€Q|—-a<z; <0}
and
wy(z,t) = u(z?,t) — u(z,t).
We will prove
(39) wx(x,t) >0, z€Qy, t€(0,T), A€ (—a,0).
Since u(x?, ) is also a solution of (1), we have

%(%t) + (=) wy(z, 1) = fla t,u(z b)) — fla, t,u(z,t))

(40) > f(:z:,t,u(x)‘,t)) —f(:c,t,u(z,t))
= c(x, hwi(z, 1), x € Qy, t € (0,T),
A —
where c(z,t) = f(x’t’us?xifig_ﬁi:gu(x’t»
f with respect to u.
Since the initial condition (3), we have

wx(z,0) >0, x € Qx, A € (—a,0).

is bounded by Lipschitz continuity of

Fixed A, increasing ¢, we want to prove that (39) holds. From (4), we have
wyx(z,t) >0, (x,t) € (Xa\Q\) x [0,7).
Applying Theorem 2.1, we obtain (39). So we arrive at
wy(x,t) >0, z€Qy, t€[0,T], X € (—a,0),
which is equivalent to the conclusions of Theorem 1.1. O
Proof of Theorem 1.3. From Theorem 1.1, we have shown that
(41)  wu(wy,2’,t) <u(—w1,2',t) for (x1,2") € Q, x1 <0and 0<t <T.

Since (5), @(x1,2’,t) = u(—x1,2’,t) is also a solution of (1). Since the initial-
boundary values of u are symmetric in {z; = 0}, then go through the same
process for the function @(z1,2’,t), we have

w(xy, 2’ t) <a(—mzq,2',t), z1 <0, t€0,T).
That is
(42) w(xy, o' t) > u(—zy,2',t), 1 <0, t €[0,7].
Combining (41) and (42), we obtain
w(zy, 2’ t) = u(—xzy,2',t) forzy <0, 0<t < T.
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Hence we obtain

)
(43) 782‘;’* (2,6) <0, z €Qy, t € (0,T], A€ (—a,0).
1
By the definition of wy(x,t), we have
0
7“(1:,15) >0, 2€Q, 21 <0, te(0,T]
1

Hence

u(xy, 2’ t) = u(—x1,2',t) and aa—u(x,t) >0forzeQ,x; <0, 0<t<T.
Z1

Next we prove

5
—8u(x,t)>07 <0, 0<t<T.
Z1

We have shown that
’LU)\(JZ,t) >0, ey, te (O,T], A<0

and

(44) wo(z,t) =0, x € Q, t € (0,T].

For fixed A < 0, we claim that

(45) wx(z,t) >0, € Qy, t€(0,T], X € [—a,0).
Set

Wy (z,t) = e ™ wy(x,t), m > 0.
Since w) and wy have the same sign, we claim that (45) by proving
(46) wr(z,t) >0, z€Qy, te€(0,T], X € [—a,0).
If not, there exists & € Q2 and the first ¢ € (0, 7] such that

WA (Z,t) =  min wy(x,t) = 0.
QAX(O,T]
And one can further deduce from conditions (3) and (4) that (z,?) is in the
interior of Q) x (0,7]. On the one hand, by (40), taking m = 2|c(z,t)|, we
obtain
o
47 GR@D+ (A 6D 2 (—m+ (@, D)@, D) 2 0.
On the another hand, by 85’;* (Z,t) <0, similar to (25) in the proof of Theorem
2.1, we have

%(ﬁ) + (~A) (2, F) <0,

which contradicts (47). So (45) is true. Combining (44) and (45), we obtain
8wA

—2z,t) <0, 21 <0, 0<t<T.
axl(x) Z1
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By the definition of wy, we arrive at

ou
—(x,t) >0, <0,0<t<T.
8171 (1' ) e
Hence (6) is proven.
This completes the proof of Theorem 1.3. O

Proof of Theorem 1.4. We choose a direction to be the zi-direction. Since
f(z,t,u(z, t) = f(|z],t,u(x,t)) is decreasing in |z| and f is Lipschitz continu-
ous in u for t > tg, then employ (8) and (9), similar to the proof of Theorem
1.1 and Theorem 1.3 with initial value is tg > 0, we obtain

w(zy, o', t) = u(—wz1,2',t), ©1 <0, tog <t <T.

That is

wo(a:,t) =0, z € Bl(O),xl <0, to<t<T.
Since the direction of 1 can be chosen arbitrarily, we have actually shown that
(10). The monotonicity is similar to the proof of (45). This completes the
proof of Theorem 1.4. (I

4.2. The whole space
In the section, we give the proof of Theorem 1.6.

Proof of Theorem 1.6. We choose a direction to be the zi-direction. Let
’LU)\(JI7 t) = u('rAa t) - ’U,(J?, t)

and

H)\:{J?ERR|$1<)\<O}.
From (14), one knows that the initial values of u is not a constant and is strictly
increasing in x7 when 7 < 0. So we have

(48) wx(z,0) >0, x € Hy, A<0.
For the fixed A, the assumption (13) implies that for all ¢ € [0,T)
u(z,t) = 0 as |z| = +oo.
Since |7} — 400, as |z| — 400, it follows that
utz,t) = u(z*,t) — 0, t €[0,T).
Thus we have
(49) wy(x,t) — 0 as |z| — +o0, t € [0,T).
Since u(z*,t) is also a solution of (11), by (12) we have

%(%0 + (=O)wp(z,t) = fla tu(x 1) — f(2,t,u(w,t))

(50) > [t u(a, ) — f(@,tu(z, 1))
= c(z, t)wx(z,t), © € Hy, t € (0,T),
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where c(z,t) = f(x’t’uﬁ;;tg:igi’isu(z’m is bounded by Lipschitz continuous of
f with respect to w.
Denote

Wy(x,t) = e ™wy(x,t), m >0, (x,t) € R" x (0,T).
We will prove that
(51) wy(z,t) >0, x € Hy, t € (0,7).
We only need prove that
(52) W(x,t) >0, z € Hy, t € (0,T).

Otherwise, there exists (z°,t%) € Hy x (0, T] by (48), (49) and wy(z,t) =0, = €
T such that

~ 0 0 . ~
) = 1) < 0.
R

From (50), we have
Oy,
ot

Since ¢(z,t) is bounded, we choose m such that c(z%t°) —m < 0. So

(I()’t()) 4 (—A)S’LZIA(IO,tO) Z (—m+c(z0,t()))@A(x[),t()).

0w
ot
On the other hand, similar to (25) in the proof of Theorem 2.1

(53) (2°,19) + (=) (2°,1%) > 0.

O
%(a:O,tO) + (A (22, 1%) < 0,

which contradicts (53). So we obtain (52). Therefore (51) is correct, that is,

(54) w(xy, o' t) <u(—zq,2',t) for z; <0, 0 <t <T.

Furthermore, since f(z,t,u) = f(|z|,t,u), @(z1,2',t) = u(—z1,2’,t) is also
a solution of (11). Base on the initial values of u are symmetric in {z; = 0},
then go through the same process for the function @(z1,2’,t), we have

a(xy, 2’ t) <u(—zy,2',t), 21 <0, t €[0,T].
That is
(55) u(zy, ' t) > u(—xy,2',t), 21 <0, t €[0,T].
Combining (54) and (55), we obtain
w(zy, 2’ t) = u(—wzq,2',t) for z; <0, 0<t <T.

Since the direction of 21 can be chosen arbitrarily, we obtain u(z, t) is radially
symmetric about the origin for each ¢ € [0,T]. The monotonicity is similar to
the proof of (45). This completes the proof of Theorem 1.6. O
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