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MONOIDAL FUNCTORS AND EXACT SEQUENCES OF
GROUPS FOR HOPF QUASIGROUPS

JosE N. ALONSO ALVAREZ, JOSE M. FERNANDEZ VILABOA,
AND RAMON GONZALEZ RODRIGUEZ

ABSTRACT. In this paper we introduce the notion of strong Galois H-
progenerator object for a finite cocommutative Hopf quasigroup H in a
symmetric monoidal category C. We prove that the set of isomorphism
classes of strong Galois H-progenerator objects is a subgroup of the group
of strong Galois H-objects introduced in [3]. Moreover, we show that
strong Galois H-progenerator objects are preserved by strong symmetric
monoidal functors and, as a consequence, we obtain an exact sequence in-
volving the associated Galois groups. Finally, to the previous functors, if
H is finite, we find exact sequences of Picard groups related with invertible
left H-(quasi)modules and an isomorphism Pic(yMod) =2 Pic(C)®G(H*)
where Pic(yMod) is the Picard group of the category of left H-modules,
Pic(C) the Picard group of C, and G(H™*) the group of group-like mor-
phisms of the dual of H.

1. Introduction

Let R be a commutative ring with unit and let H be a Hopf algebra in
the category rMod of left R-modules. In [3] we extend the construction of
the classical group of Galois H-objects to the non-associative setting of Galois
objects associated to a Hopf quasigroup. More concretely, if C is a symmetric
monoidal category with equalizers and H is a Hopf quasigroup in C, in the
quoted paper we introduce the notions of Galois H-object and strong Galois
H-object proving that, when H is cocommutative and faithfully flat, the set
of isomorphism classes of strong Galois H-objects, denoted by Gal®*(H), is a
commutative group. If H is a Hopf algebra it is easy to show that strong
Galois H-objects and Galois H-objects are the same thing and then in the
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associative setting Gal®(H) is the classical group of Galois H-objects (see [10]
for C = grMod).

On the other hand, it is well-known that in the Hopf algebra setting there
exists exact sequences linking Galois groups, Picard groups, and groups of
group-like elements. Some of these sequences are obtained using K-theoretical
tools applied to monoidal functors (see [10] and [12]) as, for example, the ex-
tension of scalars functor associated to a homomorphism of commutative rings.
The main motivation of this paper is to obtain similar exact sequences for Hopf
quasigroups and monoidal functors between symmetric monoidal categories.

Let C be a symmetric monoidal category with equalizers and let H be a Hopf
quasigroup in C. In [3] we introduce the notion of Galois H-object as a right
H-comodule magma A = (A, p4) such that A is faithfully flat and the canonical
morphism y4 = (ua ® idg) o (ida ® pa): AQ A — A® H is an isomorphism.
Moreover, if fa =y o(na®idy) : H — A° is a morphism of unital magmas,
the pair A is a strong Galois H-object. The first problem that we find for these
objects when we work with monoidal functors is the following: assume that F' :
C — D is a strong symmetric monoidal functor, then F'(H) is a Hopf quasigroup
in D but, if A is a strong Galois H-object in C, F(A) it is not a strong Galois
F(H)-object in D because F' does not preserve faithfully flat objects. To avoid
this obstacle, in this paper we will assume that C admits coequalizers and, using
the notion of progenerator in a symmetric monoidal category (for example, a
left R-module P is a progenerator in gMod if and only if P is finitely generated,
projective and faithful), we introduce the notions of Galois H-progenerator
object and strong Galois H-progenerator object. Every progenerator in C is
a faithfully flat object and, as a consequence, if C admits coequalizers, every
Galois H-progenerator object is a Galois H-object, and every strong Galois H-
progenerator object is a strong Galois H-object. Moreover, if H is finite we have
that H is a progenerator in C. As a consequence, the set of isomorphism classes
of strong Galois H-progenerator objects forms a subgroup of Gal®*(H) denoted
by Gal®*?(H). Moreover, if F': C — D is a strong symmetric monoidal functor,
C and D admit coequalizers, and F' preserves coequalizers, we obtain that
I preserves progenerators. Therefore, under the previous conditions, we can
prove that there exists a group morphism between Gal*?(H) and Gal®*?(F'(H)),
that cames from a product preserving functor between categories with product,
and also an exact sequence

Aut(H) — Aut(F(H)) — K, ®(G(F)) — Gal*?(H) — Gal*?(F(H)).

As was proved in [3], the group Aut(H) of automorphisms of H = (H,dy)
as H-comodule magma can be identified with the group G(H*) of group-like
morphisms of H* when H is finite. Then, as a consequence, we can assure that
there exists an exact sequence

G(H*) > G(F(H)*) - K1 ®(G(F)) — Gal*?(H) — Gal*?(F(H)).



MONOIDAL FUNCTORS AND EXACT SEQUENCES FOR HOPF QUASIGROUPS 353

Finally, in this paper we also study the exact sequences associated to in-
vertible left modules and quasimodules for a Hopf quasigroup H. Firstly we
obtain a generalization of the group isomorphism constructed by Caenepeel in
[9] for Hopf algebras in gMod (see also [12] for the monoidal version), i.e., we
prove that, if H is a finite cocommutative Hopf quasigroup, there exists an
isomorphism Pic(yMod) = Pic(C) & G(H*) where Pic(yMod) is the Picard
group of the category of left H-modules and Pic(C) the Picard group of C.
Secondly we also prove that if C and D are symmetric monoidal categories,
F : C — D is a strong symmetric monoidal functor, and H is a cocommutative
Hopf quasigroup in C, there exists two exact sequences

Autc(K) - Autp(I) - K1®(QPic(F)) —» Pic(WQMod) — Pic(FyQMod),

Autc(K) — Autp(l) — K1 ®(Pic(F)) — Pic(hMod) — Pic(pnyMod),

where Pic(4QMod) is the Picard group of the category of left H-quasimodules
and Autc(K), Autp(I) are the groups of automorphisms of the unit objects of
C and D respectively.

2. Progenerators and monoidal functors

Throughout this paper C is a symmetric monoidal category where ® denotes
the tensor product, K the unit object and ¢ the isomorphism of symmetry.
Without loss of generality, by the coherence theorems, we can assume the
monoidal structure of C strict (see [13, Theorem XI.5.3]). Then, in this paper,
we omit explicitly the associativity and unit constraints working as they were
all identities.

We denote the class of objects of C by |C| and for each object M in the cat-
egory C, the identity morphism by idy; : M — M. For simplicity of notation,
given objects M, N and P in C and a morphism f : M — N, we write P® f for
idp® fand fQP for f®idp. We will say that P € |C| is flat if the endofunctor
P® —:C— C, equivalently — ® P : C — C, preserves equalizers. If moreover
P ® — reflects isomorphisms we say that P is faithfully flat. Similarly, we will
say that P is coflat if P ® — : C — C, equivalently — ® P : C — C, preserves
coequalizers.

By a unital magma in C we understand a triple A = (A, 14, pa) where A
is an object in C and 4 : K — A (unit), ua : A® A — A (product) are
morphisms in C such that ps 0 (A®na) = ida = pao (na @ A). If pua is
associative, i.e., p40(A®pua) = pao(pa®A), the unital magma will be called
a monoid in C. For any unital magma A, we will denote by A the opposite unital
magma (A, g = na, g = pa ©ca,a). Given two unital magmas (monoids)
A = (A;na,pa) and B = (B,np,up), f :+ A — B is a morphism of unital
magmas (monoids) if ug o (f ® f) = fopua and fons = ng. By duality, a
counital comagma in C is a triple D = (D,ep,dp) where D is an object in C
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and ep : D — K (counit), dp : D — D ® D (coproduct) are morphisms in C
such that (ep ® D) odp = idp = (D ®ep) o dp. If dp is coassociative, i.e.,
(6p®D)odp = (D®dp)odp, the counital comagma will be called a comonoid.
If D= (D,ep,0p) and E = (E,ep,0g) are counital comagmas (comonoids),
f: D — E is morphism of counital magmas (comonoids) if (f® f)odp = dgof
and ego f =ep.

If A, B are unital magmas (monoids) in C, the object A® B is a unital magma
(monoid) in C where nagp =14 ®@np and pagp = (La®@pup)o (AR cp 4 @ B).
With A we will denote the unital magma A ® A. In a dual way, if D, E are
counital comagmas (comonoids) in C, D® E is a counital comagma (comonoid)
in C where epgr =ep ®eg and dpgr = (D ®cp g ® E) o (0p ®@ dg).

Let A be a monoid. The pair (M, ¢ypr) is a right A-module if M is an object
in Cand ¢pr: M®A — M is a morphism in C satisfying ¢pro (M Qna) = iday,
dm o (b ® B) = ¢ppr o (M @ pa). Given two right A-modules (M, ¢ps) and
(N,¢n), f+ M — N is a morphism of right A-modules if pyo(f®A) = fodu.
In the following, we will denote the category of right A-modules by Moda. In
a similar way we can define the notions of left A-module (we denote the left
action by ¢ps) and morphism of left A-modules. In this case the category of
left A-modules will be denoted by AMod. Finally, note that K is a monoid and
in this case we can identify the categories Modk and xkMod with C.

Let A, B be monoids. An A-B-bimodule is a triple (M, par, ¢ar) where
(M, ppr) is aleft A-module, (M, ¢r) is a right B-module and pps0 (AR dpr) =
om0 (py @ B). With the obvious morphisms A-B-bimodules constitute a
category that we will denote by oBimodg.

Assume that C admits coequalizers and let A be a monoid in C, let (M, ¢ar)
be a right A-module and let (N, ¢x) be a left A-module. We define the object
M ®4 N by the following coequalizer diagram in C:

o @N N
M®Ao N M&N M
(1) M ® N

M ®4 N.

Then, if N = A and ¢4 = p4 we obtain an isomorphism ry; : M ® 4 A —
M. This isomorphism is the unique morphism such that ¢ = 7y o nﬁ.
Analogously, for a left A-module (N, py), the object A ®4 N is isomorphic
to N, i.e., there exists a unique isomorphism Iy : A ®4 N — N such that
oN =y o ng. Moreover, if (N,pn,¢n) is an object in oBimodg and B is
coflat, we have that M ®4 N is a right B-module where the action ¢yrg N :
MRaN®B — M®4 N is defined as the unique morphism such that ¢nrg , v 0
(nd; ® B) = n} o (M ® ¢y). Similarly, if (P,p) is a left B-module and
A is coflat, the object N ®p P is a left A-module where the left action is
defined as the unique morphism ¢ngyp : A® N @ P — N ®p P such that
onespo(A®nE) =nko(pn ®P). Finally, if M and N are coflat, there exists
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a unique isomorphism ap,n,p: M Q4 (N ®@p P) — (M ®4 N) ®p P such that
N®pP Py _ P N
amN,pony 0 o (M@ny) =nyg,n o (ny @ P).

Definition 2.1. An object P in C is said to be finite if there exists P* € |C|
such that P ® — 4 P* ® —. In what follows we will denote the unit of the
previous adjunction by ap and the counit by Sp. Usually the object P* is
called the dual of P. Note that, by the triangular identities for the adjunction
P ® — -4 P* ® —, the identities

(2) (Bp(K)®P)o(P®ap(K))=1idp, (P*®@Bp(K))o(ap(K)®P")=idp-,

hold.

If P and @ are finite, P ® @ is finite and (P ® Q)* = Q* ® P*. For
the associated adjunction P ® Q ® — 4 Q* ® P* ® — the unit is defined by
apgg = (Q* @ ap(K)®Q ® —) o (ag(K) ® —) and the counit by Spgg =
(Bp(K)® =)o (P® Bo(K)® P*® —) (see [2, Proposition 3.4]).

On the other hand, if P is a finite object, P* is finite and P** = P because
P*® — 4 P® — with ap = (CP*,p X 7) oap and fBp+ = Bpo (CP*JJ X 7)
[2, Proposition 3.5].

As a consequence, if P is a finite object, P® — 4 P* ® — 4 P ® — and then
P is flat and coflat.

Let P and @ be finite objects in C and let f : P — ) be a morphism between
them. There exists a new morphism f* : Q* — P*, called the dual of f, where

3) fT=(P"@po(K))o (P e f®Q%) o (ap(K)® Q7).

Obviously, if P and @ are finite f** = f.

If P is a finite object and we denote by E(P) the tensor product P* ® P,
using the properties of the adjunction it is easy to show that F(P) is a monoid
with unit ngpy = ap(K) and pgpy = P* ® Bp(K) ® P. Moreover, P is a
right E(P)-module with action ¢p = Bp(K)® P and P* is a left F(P)-module
with action ¢p = P* ® Sp(K). Then, if C admits coequalizers, we can define
the object P ®p(py P* as in (1) by the coequalizer diagram

op @ P* k"
Pop—2F

P® E(P)® P*

P ®gp) P

The morphism Sp(K) satisfies that Bp (K)o (¢pp @ P*) = Bp(K)o (PR pp+)
and then there exists a unique morphism Vp : P ®pgp) P* — K such that

(4) Vponp = Bp(K).

Definition 2.2. Let P be a finite object in a symmetric monoidal category C
with coequalizers. We will say that P is a progenerator if V p is an isomorphism.
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Thus P is a progenerator if and only if
op ® P*

P® E(P)® P* - PeP*

Bp(K)

K

is a coequalizer diagram. Also, by [4, 3.3.14] we know that Vp is an isomor-
phism if and only if there exists a morphism Ap : K — P ®gpy P* such
that

(5) VpoAp =idg.

The trivial example of progenerator in C is the unit object K. If P and @
are progenerators so is P® @ [2, Proposition 3.4]. Moreover, by [2, Proposition
3.5] we have that P* is a progenerator if P is a progenerator. On the other
hand, for any progenerator P the functors P ®gpy — : gpyMod — C and
P*® —:C— gp)Mod induce a categorical equivalence. Therefore for any
object M in C, P ®@pgpy (P* ® M) = M and, if N is a left E(P)-module,
(N ®gpy P*) ® P = N ®g(py E(P) =2 N. These properties imply that any
progenerator is faithfully flat. Finally, if P and ) are progenerators and M
is an object of C such that PRQ X MR Q (QRP = Q ® M), we get that
P = M and then M is a progenerator.

Example 2.3. Let R be a commutative ring with unit. The category gMod,
with tensor product ® = ®g and unit K = R, is an example of symmetric
monoidal category with equalizers and coequalizers. By the results proved in
[11], a left R-module P is a progenerator in the category rRMod if and only if
P is finitely generated, projective and faithful.

Proposition 2.4. Let P and Q be finite objects in a symmetric monoidal
category C with coequalizers. Assume that there exist morphisms f : P — @
and g : Q — P such that go f =idp. Then, if P is a progenerator so is Q.

Proof. Let g* : P* — @Q* be the dual morphism of g defined in (3). Then, the
equality
n% 0 (bR Q") o (fRg ®f®g)=n3 0(Q®eg)o(fOg ®f®g")

holds by the definition of ng*. Moreover, if we define the morphism h : P ®
P — Q Qg Q" as h = ng o (f®g*), by (2) and the equality g o f = idp,
we have that

nd 0(6q 2 Q") o(f@g ® f@g") =ho(dp@P")
and

ng o (Q®eq)o(fRg @f®g)=ho(P®pp:).
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Therefore, ho (¢pp ® P*) = ho (P ® ¢p~) and, as a consequence, there exists
a unique

w: P®pp) P"— Qg Q"
such that
(6) wonbh =h.
By (6), (4) (for @ and P), (2) and the equality g o f = idp, we have the
following identity:
Vgowonk =Vgond o(f@g¢") = fo(K)o(f®g") = Bp(K) = Vponk.
Thus
(7) Vgow=Vp.
On the other hand, P is a progenerator and then there exists a morphism

Ap : K — P ®pgp) P* satisfying (5). Define Ag : K — Q ®pgg) Q" as
Ag =woAp. Thus,

VooAg=VgowoAp (2 VpoAp @idK.
Therefore, Vg o Ag =idg and @ is a progenerator. ([

Definition 2.5. Let D be a symmetric monoidal category with tensor product
X, unit object I and isomorphism of symmetry ¢. A functor F' : C — D is
said to be symmetric monoidal if there exist morphisms ®q : I — F(K) and
Sy n: F(M)RF(N)— F(M ® N) (natural in M and N ) such that:
(l) (I)]\/[(X)N,L o ((I)M,N X F(L)) == CI)M,N(X)L o (F(M) X (I)N,L) for M, N and
L in C.
(ii) Parx o (F(M)X dg) = idpar = Pr,p 0 (o X F(M)) for M in C.
(111) F(CMJV) o (I)JM,N = (IDN7M o tF(M)7F(N) for M and N in C.
The symmetric monoidal functor F' is said to be strong if ®3 and @ s are
isomorphisms for all M, N objects in C. Note that in this case, by (i) of the
previous definition, we have the following identities:

(8) (CI)A_/fl,N X F(L))o @K;@gN,L = (M)XK ‘bﬁ,lL) o (I)]Tll,N@aL?

9) (F(M)R®y 1) o (®yxy BF(L) = @3/ nor © Puan.L,

(10) (@y N RF(L)) o (F(IM)R®LY) = ®y/on 1, © Parner-
On the other hand, by (ii) of Definition 2.5 we obtain that

(11) Oy x=FMRO;, O =0, ' ®F(M),

(12) Dy =F(M)R D, &', =0 KF(M),

and then

(13) i = By  KF(K) = F(K) R ;"
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-1 -1
(14) <I>K,K=F(K)®<I>o, <I>K7K:<I>0&F(K).
Finally, by (iii),

(15) F(em,n) = ®n,m o tran),p(nN) © ‘I’X;,N,

tr(M),F(N) = (I)JT/,lM o F(cam,n) o Parn,s
hold.

Let F': C — D be a symmetric monoidal functor. If A = (A,n4,14) is a
(monoid) unital magma in C, it is easy to prove that

(16) F(A) = (F(A),npa) = F(na) o ®o, ppay = Fpa) o ®a a)

is a (monoid) unital magma in D. For (comonoids) counital comagmas we have
a similar property, i.e., if F': C — D is a strong symmetric monoidal functor
and C = (C,e¢,d¢) is a (comonoid) counital comagma in C, the triple

(17)  F(C) = (F(C),epcy = ;" o F(e0), 0pcy = ®plc o F(6¢))

is a (comonoid) counital comagma in D.

On the other hand, if f : A — B is a morphism of unital magmas in C, so is
F(f): F(A) — F(B) in D. Similarly, if g : C' — D is a morphism of counital
comagmas in C, so is F(g) : F(C) — F(D) in D.

The following results were proved in [2] and they will be useful in the fol-
lowing sections.

Proposition 2.6 ([2, Propositions 6.2, 6.4]). Let F' : C — D be a strong
symmetric monoidal functor. Then:

(i) If P is a finite object in C, F(P) is a finite object in D. Moreover,
F(P*) > F(P)*.
(ii) If P is a finite object in C, the monoids F(E(P)) and E(F(P)) are
isomorphic in D.
(iii) If C and D admit coequalizers and F' preserves coequalizers, F preserves
progenerators.

Proposition 2.7 ([2, Proposition 6.4]). Let F : C — D be a symmetric
monoidal functor. If A = (A,na,pa) and B = (B,np,up) are (monoids)
unital magmas in C, then ® 4, is a morphism of (monoids) unital magmas in
D.

Similarly, by duality, we have the corresponding result for (comonoids) couni-
tal comagmas.

Proposition 2.8. Let F': C — D be a strong symmetric monoidal functor. If
C = (C,ec,dc) and D = (D,ep,dp) are (comonoids) counital comagmas in
C, then ®¢ p is a morphism of (comonoids) counital comagmas in D.
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3. Hopf quasigroups and Hopf coquasigroups

The notion of Hopf quasigroup is a generalization of the one of Hopf alge-
bra and was introduced by Klim and Majid in [15] in order to understand the
structure and relevant properties of the algebraic 7-sphere. They are not asso-
ciative but the lack of this property is compensated by some axioms involving
the antipode. Hopf quasigroups are particular instances of unital coassociative
H-bialgebras (see [17]) and include the example of the enveloping algebra of
a Malcev algebra (see [15]) as well as the notion of quasigroup algebra of an
I.P. loop. Then, quasigroups unify I.P. loops and Malcev algebras in the same
way that Hopf algebras unified groups and Lie algebras. The definition of these
kind of objects in a monoidal setting is the following.

Definition 3.1. A Hopf quasigroup H in C is a unital magma (H,ng, 1)
and a comonoid (H,eg,dp) such that the following axioms hold:

(i) The morphisms ey and dy are morphisms of unital magmas (equiv-
alently, ng and ppy are morphisms of comonoids), i.e., the following
identities hold:

(i-1) eg ony = idg,

(i—2) EHOUH =g PEMH,

(i-3) 6w onu =1 @ N,

(i-4) dgopr = preH © (0 ® O6H).

(ii) There exists Ay : H — H in C (called the antipode of H) such that:

(ii-1)  pro(Aum @pm)o (0n @ H)
=eg@H=pgo(HR®ug)o(HRAg @ H)o (dg @ H),

(ii-2)  pgo(pg @ H)o(H®Ag @ H)o (H ®dn)
=H®eg=puo(pg @Ag)o(HRy).

If H is a Hopf quasigroup, the antipode is unique, antimultiplicative, anti-
comultiplicative and leaves the unit and the counit invariable:

Agopg =pro(Ag ®@Ag)ocan, Omolg=cuno(Ay®Ag)odny,

AHONH =MNH, EHOAH =¢€H
([15, Proposition 4.2], and [16, Proposition 1]). Note that by (ii),

(18) ,UJHO(AH®ZdH)05H:MHO(ZdH®>\H)05H:5H®nH

A Hopf quasigroup H is cocommutative if cy g o g = dg. In this case, as
in the Hopf algebra setting, we have that Ay o Ay = idy (see [15, Proposition
4.3]).

Let H and B be Hopf quasigroups. We say that f : H — B is a morphism
of Hopf quasigroups if it is a morphism of unital magmas and comonoids. In
this case Ag o f = f o Ay [1, Proposition 1.5].

Example 3.2. Let R be a commutative ring with unit and with % and % in
R. A Malcev algebra (M, [, ]) over R is a free module over R with a bilinear



360 ALONSO ALVAREZ, FERNANDEZ VILABOA, AND GONZALEZ RODRIGUEZ

anticommutative operation [, ] on M satisfying that
[J(a,b,c),a] = J(a,b, |a,d]),

where J(a,b,c) = [[a,b],c] — [[a,c],b] — [a,[b, ]| is the Jacobian in a,b,c. By
the construction given in [18] a Hopf quasigroup structure arises from M in the
following way: Consider the not necessarily associative algebra U (M) defined
as the quotient of R{M}, the free non-associative algebra on a basis of M, by
the ideal I(M) generated by the set

{ab_ba’_ [a,b],(a,x,y)—!—(x,a,y),(a:,a,y)—!—(x,y,a) : (I,b € M,x,y € R{M}}a

where (z,y,2) = (zy)z — x(yz) is the usual additive associator. Let {a; : i €
Ap} be a basis of M, < an order in Ay and Qpp = {(i1,...,0n) @ 4i,.. .0y €
Ay,n € Nand iy < ... <} I T = (i1,...,in) € Qur, then we write @
instead of @ (al (--- (@ _@)---)). As usual, if n = 0, then I = () and
1y = @;’. With this notation, the set {a}’ : I € Qp} is a basis of U(M)
(Poincaré-Birkhoff-Witt theorem for Malcev algebras [18, Theorem 2.1]). By
[18, Proposition 4.1] and [15, Proposition 4.8], U(M) is a cocommutative Hopf
quasigroup structure with coproduct dy(apy : U(M) — U(M) ® U(M) defined
by 0pary(z) = 1@z +x®@1 for all 2 € M, counit ey (ap) : U(M) — K defined by
ey (z) = 0 for all z € M (both extended to U(M) as algebra morphisms),
and antipode Ay (py : U(M) — U(M), defined by Ay ary(z) = —x forallz € M
and extended to U(M) as an antialgebra morphism.

Example 3.3. A quasigroup is a set @) together with a product such that for
any two elements u,v € @ the equations ur = v, zu = v and wv = x have
unique solutions in ). A quasigroup L which contains an element ey, such that
uer, = u = epu for every u € L is called a loop. A loop L is said to be a
loop with the inverse property (for brevity an I.P. loop) if and only if, to every
element u € L, there corresponds an element v~ ! € L such that the equations
u~t(uv) = v = (vu)u~" hold for every v € L.

If L is an I.P. loop, it is easy to show (see [6]) that for all u € L the element
u~ ! is unique and v~ 'u = ey, = uu~'. Moreover, the mapping v — u~' is an
anti-automorphism of the L.P. loop L, i.e., (uv)™! = v~ u~1.

Let R be a commutative ring with unit and L an IP loop. Then, by [15,
Proposition 4.7], we know that the loop algebra

R[L) = & Ru
u€l

is a cocommutative Hopf quasigroup with product defined by the linear exten-
sion of the one defined in L and 0g(zj(u) = u®u, egir)(u) = 1r, Agr)(u) = u~!
on the basis elements.

Definition 3.4. A Hopf coquasigroup D in C is a monoid (D,np, pup) and a
counital comagma (D,ep,dp) such that the following axioms hold:

(i) The morphisms np and pp are morphisms of counital comonoids.
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(ii) There exists Ap : D — D in C (called the antipode of D) such that:
(ii-1)  (up® D)o (Ap ®dp)odp
=np®D = (up ® D)o (D& ((Ap ® D) oép))edp,
(ii-2) (D®pup)o(dp ® Ap)odp
=D®np=(D®pup)o(((D®Ap)odp)®D)odp.
As in the case of Hopf quasigroups, the antipode is unique, antimultiplica-

tive, anticomultiplicative, leaves the unit and the counit invariable and satisfies
(18).

Proposition 3.5. Assume that C admits coequalizers. Then every finite Hopf
(co) quasigroup is a progenerator. As a consequence, every finite Hopf (co) quasi-
group is faithfully flat.

Proof. If H is a Hopf quasigroup we have that (i-1) of Definition 3.1 holds.
Then, if H is finite, by Proposition 2.4, we obtain that H is a progenerator
because so is K. For Hopf coquasigroups the proof is similar. O

It is easy to show that, if H is a finite (commutative) cocommutative Hopf
(coquasigroup) quasigroup, its dual H* is a (cocommutative) commutative fi-
nite Hopf (quasigroup) coquasigroup where:

N = (H* ®ep) o ag(K),
pre = (H* @ B (K))o(H*®@ H® Bu(K)®@ H*)o (H" ®0p @ H* ® H")
o(ag(K)® H* @ H*),
e+ = Pu(K)o(ng @ HY),
S = (H* ® H* @ (Bu(K) o (ng @ H*))) o (H* ® ap(K) © H® H")
o(ag(K)® HY)
and the antipode is Ag- = (Ag)*.

Proposition 3.6. Let F': C — D be a strong symmetric monoidal functor. If

H= (H7nHauHa€H76H7)‘H)
is a Hopf quasigroup (Hopf coquasigroup) in C, then F(H) with unit and prod-
uct defined as in (16), counit and coproduct defined as in (17), and antipode
Aray = F(Am), is a Hopf quasigroup (Hopf coquasigroup) in D. If H is co-
commutative (commutative), so is F(H).

Proof. We will prove the proposition for Hopf quasigroups. The proof for Hopf
coquasigroups is dual and we leave the details to the reader. First note that,
(F(H),np)y = F(nr) o ®o, ppry = F(pwa) o ®g m) is a unital magma in D
and (F(H),epmy = @5 " o F(en), 0pm) = <I>;I)1H o F(dg)) is a comonoid in D.
Also, by Proposition 2.7, we have that ® g is a morphism of unital magmas,
ie., Py g oNFERF(H) = NF(HoH), and

(19) prHoH) © (Prar X @ ) = Pu H o LrH)RF(H)
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hold.
Trivially, € p(gy o (a) = id; and then (i-1) of Definition 3.1 holds. By (i-2)
of Definition 3.1 for H, the naturality of ®, and (13) we have that
6F(H) OUF(H) = (I)O_l o F(&H OHH) o (I)H,H = ‘I)al OF(&:H ®€H) o (DH,H
=&y ok ko (Fley) R F(en)) = epin Repm)
and then (i-2) of Definition 3.1 holds for F(H). In a similar way we obtain
that (i-3) of Definition 3.1 holds for F'(H) using (i-3) of Definition 3.1 for H,
the naturality of ®, and (14). On the other hand,
trmEe) © (0r) ®opam)
= O,y o Flunen) o Puennen © (Puu @ ®uu) o (Opum) B opam) ((19))
= @I}}H o F(uaem © (0 ® dp)) o ®g g (naturality of @)
= @I}}H o F'(8gr o )o@ ((i-4) of Definition 3.1 for H)
= Op(m) © pr(a) (definitions of dp(gy and pp(a)
and ep(g) and dp (g are morphisms of unital magmas.

To obtain the proof of (ii) of Definition 3.1 for F'(H), we only prove the first
identity of (ii-1) for F'(H). The proofs for the other identities are similar and
we leave the details to the reader. Indeed:

prc) © (A B pupy) o (Op X F(H))
= F(,UH o (H@ ﬂH)) o (I)H,H(XJH ¢} (F(H) X (I)H,H)

o ((@I}}H oF(Ag ® H)ody)) X F(H)) (naturality of ®)

F(,U,H o (H & MH)) o (I)H®H,H o (F(()\H ® H) o 5H) X F(H)) ((i) Definition 2.5)
=F(pgo(Ag @ pm)o (0g ® H)) o @y g (naturality of ®)

= F(eg ® H) o @y g ((ii-1) Definition 3.1)

=®x go(F(eg) X F(H)) (naturality of @)

= @ o ((Pooep))XF(H)) (definition of €p(p))

= epay) X F(H) ((ii) Definition 2.5).

Finally, if H is cocommutative, the cocommutativity of F'(H) follows from
(15). O

4. Galois groups for Hopf quasigroups

In this section we resume the main results of [3] and we introduce the Galois
group associated to strong Galois H-objects that are progenerators.

Definition 4.1. Let D be a comonoid in C. The pair (M, pys) is a right D-
comodule if M is an object in C and pp;: M — M ®D is a morphism in C, called
the coaction, satisfying (M ®ep)opy = idp, (ppr @ D)opyr = (M QIp)opas.
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Given two right D-comodules (M, ppr), (N, pn), a morphism in C, f: M —
N, is a morphism of right D-comodules if (f ® D)o py = py o f.

The category of right D-comodules will be denoted by CMod®. In a similar
way we can define the category of left D-comodules denoted by PCMod.

Definition 4.2. Let H be a Hopf quasigroup in C and let A be a unital
magma (monoid) in C with a right coaction pg : A - A® H. We will say
that A = (A, pa) is a right H-comodule magma (monoid) if (A4, pa) is a right
H-comodule, and the following identities

(i) paona=mna®@nm,
(i) paopa = pagn o (pa®pa),
hold.

Obviously, if H is a Hopf quasigroup in C, the pair H = (H, pg = dy) is an
example of right H-comodule magma. Also, if H is cocommutative and A is a
right H-comodule magma, A = (A, p7 = (A® Ayr) o pa) is a right H-comodule
magma (see [3, Proposition 1.6]).

A morphism of right H-comodule magmas (monoids) f : A — B is a mor-
phism f: A — B in C of unital magmas (monoids) and right H-comodules.

Proposition 4.3. Let F : C — D be a strong symmetric monoidal functor and
let H be a Hopf quasigroup in C. Then, if A is a right H-comodule magma in
C, F(A) = (F(A), pra) = @;}H o F(pa)) is a right F(H)-comodule magma in
D. Moreover, if f : A — B is a morphism of right H-comodule magmas in B,
F(f):F(A) — F(B) is a morphisms of F(H)-comodule magmas in D.

Proof. The proof of this result is the same that the one we can find in [12,
Lemmas 4.3, 4.4] for Hopf algebras in a symmetric monoidal setting. (I

Definition 4.4. Let H be a Hopf quasigroup in C and let A be a right H-
comodule magma in C. We will say that A is a Galois H-object if the following
conditions hold:
(i) A is faithfully flat.
(ii) The canonical morphism y4 = (ua @ H) o (AQ@pa) : ARA—-ARQH
is an isomorphism.
Note that, by [3, Proposition 2.4], if A a Galois H-object,
PA
A . A®H
A®nu

A

K

is an equalizer diagram.

Definition 4.5. Assume that C admits coequalizers. Let H be a Hopf quasi-
group in C and let A be a right H-comodule magma in C. We will say that A
is a Galois H-progenerator object if the following conditions hold:

(i) A is a progenerator in C.
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(ii) The canonical morphism
Ya=(a®@H)o(A®pa) : ARA AR H
is an isomorphism.

Definition 4.6. If A is a Galois H-object such that f4 = '7;1 oma® H) :
H — A€ is a morphism of unital magmas, we will say that A is a strong Galois
H-object.

Definition 4.7. Assume that C admits coequalizers. A Galois H-progenerator
object A is strong if fu = fy;l o(na® H) : H— A€ is a morphism of unital
magmas.

Note that every progenerator is a faithfully flat object. As a consequence, if
C admits coequalizers, every Galois H-progenerator object is a Galois H-object,
and every strong Galois H-progenerator object is strong.

Definition 4.8. A morphism between two (strong) Galois H-(progenerator)
objects is a morphism of right H-comodule magmas.

Remark 4.9. Note that if A is a strong Galois H-(progenerator) object and B is
a Galois H-object isomorphic to A as Galois H-objects, then B is also a strong
Galois H-(progenerator) object because, if g : A — B is the isomorphism, we
have ygo(g®g) = (9@ H)oy4 and it follows that fg = (¢®g)o fa. Then, fp
is a morphism of unital magmas and B is strong. Finally, if A is a progenerator
and B is isomorphic to A, B is a progenerator.

Proposition 4.10. If H is a faithfully flat Hopf quasigroup, H is a strong
Galois H-object. Moreover, if C admits coequalizers and H is a finite Hopf
quasigroup, H is a strong Galois H-progenerator object.

Proof. The pair H = (H,dp) is a Galois H-object because vy = (pugy ® H) o
(H®dy) is an isomorphism with inverse v;' = ((ugo(H@Ay))@H)o(H R4 ).
Also, H is strong because fg = (Ag®H )ody : H — H€ is a morphism of unital
magmas. Moreover, if H is finite, by Proposition 3.5, H is a progenerator. [

By [3, Proposition 2.7] we know that if H is a cocommutative Hopf quasi-
group and A is a Galois H-object, the right H-comodule magma A is a Galois
H-object. Moreover, if A is strong so is A. Then, if A is a (strong) Galois
H-progenerator object, A is a (strong) Galois H-progenerator object.

To define a suitable product of Galois objects, in what follows, we will assume
that C admits equalizers. By [3, Proposition 1.5], if H is a Hopf quasigroup and
A and B are right H-comodule magmas, the pairs A®; B = (A® B,p}4®B =
(A®chp)o(pa®B)), A®:B=(A® B, piep = A® pp) are isomorphic as
right H-comodule magmas. The object A e B defined by the equalizer diagram

1
PasB

AeB A® B
(20) Pass

A®B®H,
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is a unital magma where 14145 and paep are the factorizations through ¢ 4e 5 of
the morphisms nagp and pagp o (i4en @isen), respectively. Moreover, if H is
flat and the coaction prep : AeB — AeB® H is the factorization of P,24®BOiA.B
through i 4e 5 ® H, the pair AeB = (Ae B, paep) is a right H-comodule magma
(see [3, Proposition 1.7]). Moreover, if f: A — B, g : T — D are morphisms of
right H-comodule magmas, the morphism feg: AeT — B e D, obtained as
the factorization of (f ® g) ciser : A®T — B® D through the equalizer igep,
is a morphism of right H-comodule magmas between A e T and B e D. Finally,
if f and g are isomorphisms, so is f e g (see [3, Proposition 1.8]).

On the other hand, if A, B, D are right H-comodule magmas, when H is
flat, by [3, Proposition 1.9], we know that A e B and B e A are isomorphic as
right H-comodule magmas and, if A and D are flat, Ae (BeD) and (AeB)eD
are isomorphic as right H-comodule magmas (see [3, Proposition 1.10]. Also,
if H cocommutative and A is a right H-comodule magma

1
p
oA ARH

A AQH A® H® H,

2
PagH

is an equalizer diagram, and A e H and A are isomorphic as right H-comodule
magmas (see [3, Proposition 1.11]). Moreover, A e A is isomorphic to H as right
H-comodules and, if A is strong, the previous isomorphism is a morphism of
right H-comodule magmas (see [3, Proposition 2.8]).

Remark 4.11. If Mag;(C,H) denotes the category whose objects are flat H-
comodule magmas and whose arrows are the morphisms of H-comodule mag-
mas, when H is cocommutative and flat, we have that Mag f(C, H) is a symmet-
ric monoidal category where the tensor product is defined by the product ” e”,
the unit is H, the associative constraints as g p = n;"lB’D, where n4 g p is the
isomorphism between A e (BeD) and (AeB)eD, and the right unit constraints
and the left unit constraints are vty = r4, [ = r 0Ty 4 respectively, where r4
is the isomorphism between A e H and A and 7x,4 is the one between H e A
and A e H (see [3, Proposition 1.13] for details).

Proposition 4.12. Let H be a cocommutative faithfully flat Hopf quasigroup
in C. The following assertions hold:

(i) If C admits equalizers and A, B are Galois H-objects, so is A o B.
(ii) If C admits equalizers and A, B are strong Galois H-objects, so is AeB.
(iii) If C admits equalizers and coequalizers H is finite and A, B are Galois
H -progenerator objects, so is A eB. As a consequence, if A and B are
strong Galois H-progenerator objects so is A o B.

Proof. The proof for (i) and (ii) is the one given in [3, Proposition 2.6]. To get
(iii), note that in the proof of (i) we show that there exists an isomorphism
g: AQB®H - A® BR AeB. Then, using that A® B is a progenerator, we
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obtain that H = Ae B and, as a consequence, A e B is a progenerator because,
by Proposition 4.10, H is a progenerator. ([

As a consequence of the previous proposition and [3, Theorem 2.10], we have
the following: Assume that C admits equalizers and let H be a cocommutative
faithfully flat Hopf quasigroup in C. Let Gal(H) be the set of isomorphism
classes of Galois H-objects, and for a Galois H-object A denote its class in
Gal(H) by [A]. With the product defined by

(21) [A].[B] = [A o B]

and unit [H], Gal(H) is a commutative monoid. In addition, if H is finite,
C admits coequalizers, and Gal?(H) denotes the set of isomorphism classes
of Galois H-progenerator objects, we obtain that GalP(H) is a commutative
monoid.

If we denote by Gal*(H) the set of isomorphism classes of strong Galois
H-objects, with the product defined in (21) for Galois H-objects, Gal®(H)
is a commutative group because by (ii) of Proposition 4.12 the product of
strong Galois H-objects is a strong Galois H-object, by Proposition 4.10 we
know that H is a strong Galois H-object and by [3, Propositions 2.7, 2.8] the
inverse of [A] in Gal*(H) is [A]. If in addition, H is finite, C admits coequal-
izers, and Gal®*?(H) denotes the set of isomorphism classes of strong Galois
H-progenerator objects, we obtain that Gal*?(H) is a commutative group.
Note that Gal(H) and GalP(H) are submonoids of Gal®(H) and Gal*?(H),
respectively, and on the other hand, Gal*P(H) is a subgroup of Gal®(H).

Proposition 4.13. Assume that C admits coequalizers and let D be symmetric
monoidal category with coequalizers. Let ' : C — D be a strong symmetric
monoidal functor such that preserves coequalizers. Let H be a Hopf quasigroup
in C. The following assertions hold:

(i) If A is a Galois H-progenerator object in C so is F(A) in D.
(ii) If A is a strong Galois H-progenerator object in C so is F(A) in D.

Proof. The proof for (i) follows from Proposition 4.3 and from the following
fact: The canonical morphism vp(4) is an isomorphism with inverse ’y;(l a4) =

@X}A o F(v4") o ®4 i (the proof is similar to the one given in [12, Lemma 4.3]
for Hopf algebras).

On the other hand, by (11) and the naturality of ¢, we obtain that fp4) =
F(fa) and then JFr(a) is a morphism of unital magmas because, as was pointed
in Section 2, every monoidal functor preserves the condition of morphism of
unital magmas. Therefore (ii) holds. O

Proposition 4.14. Assume that C admits equalizers and coequalizers and let
D be a symmetric monoidal category with equalizers and coequalizers. Let
F : C— D be a strong symmetric monoidal functor preserving equalizers and
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coequalizers. Let H be a cocommutative finite Hopf quasigroup in C. The map
GalP(F) : Gal’(H) — GalP(F(H))
defined by
Gal?(F)([A]) = [F(A)]
is a monoid morphism. Moreover, the restriction of the previous map to
Gal*?(H), induces a group morphism
Gal*?(F) : Gal®’(H) — Gal®?(F(H)).

Proof. The proof follows the same pattern of the one developed for Hopf alge-
bras in [12, Proposition 4.5]. The map GalP (F') is well-defined by (i) of Propo-
sition 4.13. To prove that Gal?(F') is a morphism of groups we only need to see
that if A and B are Galois H-progenerator objects then F(A) e F(B) =~ F(A ¢ B)

as Galois F'(H)-progenerator objects.
Let A and B be Galois H-progenerator objects. The morphism

®,'5 0 F(inep) : F(Ae B) — F(A)R F(B)
satisfies:
Pagp,u o (PasRF(H)) o ppaymrp) © Pap o Fliten)
= Pagp,u o (PapRF(H)) o phamps) © Palp o Flisen)-
Therefore, there exists a unique morphism
pap : F(AeB)— F(A)e F(B)

satisfying
(22) ir(A)yer(B) ©PAB = P45 0 Flinep)

and such that it is a morphism of right F(H)-comodule magmas, i.e., a mor-
phism of Galois H-progenerator objects.
On the other hand, if F' preserves equalizers

Fliaen) F(Pi&@B)

F(AeB)

F(A® B) F(A® B® H),

F(PQA®B)
is an equalizer diagram. Moreover,
(L3 WF(H)) o P05 0 F(phagp) o ®a B oirayer(s)
= ((I)Z,lB X F(H))o (I):léB,H o F(phen) © PaB O ira)er(B)
holds. Thus, there exists a unique morphism
gap : F(A)e F(B) — F(AeB)
satisfying

(23) QB oir(ayerB) = F(iaeB) © qaB.
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Then,

. (23) . (22) _ .
F(iseB)©qasopas = ®apoir(aers opas = Papo®y'yoF(ises).

Therefore, using that F(igep) is a monomorphism, we have that ga p o
pA7B = idF(AoB)~ Slmﬂarly, we obtain the ldentlty pA,B (e} qA,B = idF(A)oF(B)
and this implies that pa, p is an isomorphism of Galois H-progenerator objects.
As a consequence, GalP(F) and Gal®*?(F) are group morphisms. O

Example 4.15. Let Set be the category of sets. Then, Set with ® = x and
K = {x} is a symmetric monoidal category with equalizers and coequalizers.
Let R be a commutative ring. The free R-module functor

R[] ]:Set — rMod,

defined by
R[X] = P Rz
reX

on a set X and in the obvious way on maps, is an example of strong symmetric
monoidal functor. Then, the free module construction turns set-theoretic prod-
ucts into tensor products and the twist on sets into the twist on the category
of left R-modules. Also it preserves coequalizers because it is left adjoint to
the forgetful functor and it is easy to show that R[ | preserves equalizers. Note
that a Hopf quasigroup in Set is an IP loop L. Then, the loop algebra R[L],
defined in Example 3.3, has the Hopf quasigroup structure induced by the free
R-module functor (see Proposition 3.6).

If a: R — S is a homomorphism of commutative rings, then the restriction
of scalars is a monoidal functor G : sMod — grMod. The extension of scalars
(or induction functor) F': gMod — sMod, defined by

F((M, o)) = (S ®r M, psgpm)

on objects and by F(f) = S®g f on morphisms, is a strong symmetric monoidal
functor preserving coequalizers because it is left adjoint to the functor G. More-
over if S is R-flat, F' is exact and then preserves equalizers. For example, if T’
is a multiplicative closed set of R, there exists a ring morphism ip : R — T~ 'R
and S = T~ 'R is a commutative ring that is flat as R-module. In this case,
for any left R-module F((M,¢yr)) = T~1M, i.e., the localization of (M, ¢ys)
by T.

Finally, if F is a field and S is a F-algebra, S contains F as subring and it
is flat as F-module. Then these monomorphisms of rings provide examples of
strong symmetric monoidal functors preserving equalizers and coequalizers.

Definition 4.16. Let H be a faithfully flat Hopf quasigroup in C. If A is a
Galois H-object, we will say that A has a normal basis if (A, p4) is isomorphic to
(H,dp) as right H-comodules. We denote by n 4 the H-comodule isomorphism
between A and H.
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If C admits equalizers and H is cocommutative, the set of isomorphism
classes of Galois H-objects with normal basis, denoted by N(H), is a submonoid
of Gal(H) because H = (H,dp) is a Galois H-object with normal basis and
if A, B are Galois H-objects with normal basis and associated isomorphisms
na, np, respectively, then A e B is a Galois H-object with normal basis and
associated H-comodule isomorphism nep = 7 0 (n4 ® np) where ny e np is
defined in [3, Proposition 1.8]) and ry is the isomorphism between HeH and H.
Moreover, for a strong Galois H-object with normal basis A, with associated
isomorphism 7.4, we have that A = (A, pz) is also a strong Galois H-object
with normal basis, where ny = Ay o na, and then, if we denote by N*(H)
the set of isomorphism classes of strong Galois H-objects with normal basis,
N#(H) is a subgroup of Gal®*(H).

Furthermore, if C admits coequalizers and H is finite, when A has a normal
basis we obtain that A is a Galois H-progenerator object because A is isomor-
phic to H. Therefore, under these conditions N(H) = NP(H) where NP(H)
denotes the set of isomorphism classes of Galois H-progenerator objects with
normal basis. Similarly, N*(H) = N*®*P(H), where N*?(H) denotes the set of
isomorphism classes of strong Galois H-progenerator objects with normal basis.

Proposition 4.17. Assume that C admits equalizers and coequalizers and let
D be a symmetric monoidal category with equalizers and coequalizers. Let
F : C— D be a strong symmetric monoidal functor preserving equalizers and
coequalizers. Let H be a finite cocommutative Hopf quasigroup in C. The map

NP(F): NP(H) — NP(F(H))
defined by
NP(F)([A]) = [F(A)]
is a monoid morphism. Moreover, the restriction of the previous map to
N*P(H), induces a group morphism

N*P(F) : N*P(H) — N*P(F(H)).

Proof. The proof follows from Proposition 4.14 and from the following fact: If
A is a right H-comodule magma isomorphic to H as right H-comodules, the

image of A by F' is isomorphic to F(H) as right H-comodules. |
Remark 4.18. Note that, in the conditions of the previous proposition,
N*?(F)
N*P(H) N*P(F(H))
i i
Gal*P(H) Gal*®(F(H))
Gal*»(F)

is a commutative diagram of commutative groups where 737 and z';p( H) denote
the obvious monomorphisms. Similarly, we have a commutative diagram of
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monoids when we work with not strong Galois H-progenerator objects:

NP(F)
NP(H) NP(F(H)
iy i)
Gal? (H) Gal?(F(H))
Gal? (F)

5. Exact sequences for Galois groups

In this section we will construct exact sequences of groups associated to
a finite cocommutative Hopf quasigroup in a symmetric monoidal category C
with equalizers and coequalizers. Under these conditions H is a progenerator
object and then all object isomorphic to H is a progenerator object.

We define the symmetric monoidal category Gal(C,H) as the one whose
objects are Galois H-objects, whose morphisms are morphisms of right H-
comodule magmas, the tensor product e is the one defined by the equalizer di-
agram (20), the unit object is H, and, finally the associative and unit constraints
are the ones defined for Mag;(C, H) (see Remark 4.11). Similarly, with the same
morphisms, tensor product, unit object and associative and unit constraints we
can define new symmetric monoidal categories: Gal*(C,H) whose objects are
strong Galois H-objects, Gal?(C,H) whose objects are Galois H-progenerator
objects, Gal*®(C,H) whose objects are strong Galois H-progeneretor objects,
N(C,H) whose objects are Galois H-objects with normal basis, and N*(C, H)
whose objects are strong Galois H-objects with normal basis. Note that, in
this case, N(C,H) = NP(C, H), where NP(C, H) is the symmetric monoidal cate-
gory whose objects are Galois H-progenerator objects with normal basis, and
similarly N*(C,H) = N**(C, H).

Then, we have a commutative diagram

NP(C, H) = Gal(C, H)
GalP(C,H)
L. I,
J¥
17,
NP(C,H) = Ns(C,H) — > Gal’(C,H)
J3
J5P /ep
Gal*’(C, H)

where I8, I3, I, J, JP, JP, JJP, Ji and Ly are inclusion functors.

sp?
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Let E be a category where the isomorphisms classes of E form a set. Following
[5] we will say that E is a category with product if there exists a functor
Ok : E x E — E and natural isomorphisms ®g o (Idg X @) & Op o (O x Idg) :
EXEXE > Eand Opo7m & O : E X E — E where 7 is the twist. The
Grothendieck group KyE is the abelian group generated by the isomorphisms
classes [X] of objects of E modulo the relations [X G Y] = [X][Y]. Note that
for X, Y objects in E, [X] = [Y] in KoE if and only if there exists Z in E such
that X Og Z 2 Y @ Z in E. Also it is easy to show that any element in KyE
is equal to [X][Y]~! for some objects X,Y in E.

On the other hand, if E and T are categories with product and I' : E — T is
a product preserving functor, i.e., for all objects X, Y in E there are natural
isomorphisms T'(X ©g V) 2 T'(X) ©1 I'(Y), we have a group morphism KT :
K()E — KoT

If we apply this construction to the categories of Galois objects associated
to a finite cocommutative Hopf quasigroup (all of them categories with product
© = o) we have that

KoGal*(C,H) = Gal*(H), KoGal**(C,H) = Gal*?(H),
KoN°(C,H) = N°(H) = N°?(H).
Also, using that the inclusion functors 1%, IZ . I, J, JP, JP, J&P, JZ and

spr “spy
L preserve the product, we have group morphisms

KoI?, : Gal*P(H) — KoGalP(C,H), KolI%, : Gal*?(H) — Gal*(H),
Kol : KoGalP(C,H) — KoGal(C,H), KoJ : KoNP(C,H) — K,Gal(C,H),
KoJ? : KoNP(C,H) — KoGalP(C,H), KoJP? : N*?(H) — K,GalP(C, H),
KoJ:P : N*P(H) — Gal*P(H), KoJ?: N*P(H) — Gal®(H),
KoLy : N*P(H) = KoN(C, H).

Proposition 5.1. The following assertions hold:
(i) Ker(Kolk,) C KoNP(C,H).
(ii) Ker(Kolp) C KoNP(C,H).
(iii) [B] € Ker(KoJ) if and only if there exists D in Gal(C, H) such that
BeD =D as right H-comodule magmas.
(iv) [B] € Ker(KoJ?) if and only if there exists D in GalP(C, H) such that
BeD =D as right H-comodule magmas.
(v) [B] € Ker(KoJP) if and only if there exists D in Gal?(C, H) such that
BeD =D as right H-comodule magmas.

(vi) Kolg,, KoJ5?, KoJ; and KoLs are monomorphisms.

Proof. First we prove (i). Let [B] be in Ker(Kol%,). Then [B] = [H] in
KyGal’(C,H). Thus, there exists D in Gal?(C,H) such that BeD ~ HeD as
right H-comodule magmas. This implies that B ¢ D = ID as right H-comodule
magmas and, as a consequence, B = H as right H-comodules because D is not
strong. Therefore B is in NP(C, H) and [B] belongs to KoNP(C,H). The proofs
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for (ii)-(vi) are similar and we leave the details to the reader. Finally, note that
if is [B] in Ker(KoJ;,), B = H as right H-comodules magmas, and then [B]
is the unit of Gal’(H). Similarly we obtain that KoJ:?, KoJ? and KoL, are
monomorphisms. ([

Remark 5.2. Note that in (iii), (iv) and (v) of the previous proposition the
isomorphism of right H-comodule magmas B e D = D only implies that B = H
as right H-comodules because D is not strong.

If E is a category with product @, it is possible to define a new category with
product denoted by L(E) and called the loop category of E. The objects of this
category are pairs (X, @) with X an object in E and « an E-automorphism of X.
A morphism f : (X, «) — (Y, ) in L(E) is a morphism f : X — Y in E such that
Bo f = foa. The product on L(E) is defined with the product of E in the two
components of each object and as in E on morphisms. The Whitehead group of
E is defined as the Grothendieck group of L(E) modulo the subgroup generated
by elements of the form [(X, a0 8)] = [(X, a)][(X, £)]. In the following we will
denote this group by KiE. As in the case of the Grothendieck group, it is easy
to show that if I' : E — T is a product preserving functor we have a group
morphism K;I': K41E — K;T.

Let I' : E— T be a product preserving functor. We will say that I" is cofinal
if, for all Z objects in T there exist an object Y in T and an object X in E such
that T'(X) 2 Z®71Y. For these kind of functors we define a new category with
product, denoted by ®(T"), whose objects are triples (X, o, Y') with X, Y objects
in E and o : I'(X) — T'(Y) an isomorphism in T. The morphisms of ®(T")
are pairs (f,g) : (X,a,Y) = (X',a/,Y’) where f : X = X', g: Y — Y are
morphisms in E such that I'(g)oar = o/ oI'(f). The product on objects is defined
componentwise using the product of E and in a similar way for morphisms. The
abelian group K;®(T") is defined as Ky®(I') modulo the subgroup generated
by elements of the form [(X, 3 o o, Z2)|[(X,a, Y)Y, 8, Z)]"t. With these
definitions we have that there exists, for any cofinal functor I', an exact sequence
of abelian groups (see [5])

KT Kol
e g4 K19(T) e 2L kT

with I[([(X,,Y)]) = [Y][X]7! and d([(Z,w)]) = [(X, 3, X)], where the object
X and the morphism 8 come from [(Z,w)] = [(Z O1Y,wOTidy)] = [(T'(X), 8)]
in K1 T.

Let E be a category with product. A full subcategory with product Eq is
called a cofinal subcategory of E if the inclusion functor Ig, is cofinal. Then
K Ig, is an isomorphism, KyIg, is a monomorphism, and K;®(Ig,) is trivial.
Moreover, if there exists an object X in E such that the full subcategory {X}
is cofinal we have that K1E = Autg(X) (see [5]).
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Proposition 5.3. The functors I3,, JiP, and J; are cofinal. Also {H} is a

s

cofinal subcategory of Gal*(C,H), Gal**(C,H), NsP(C,H). Therefore,
K1Gal*(C, H) = K,Gal*(C, H) = KN (C, H) 2 Aut(H)

where Aut(H) is the group of automorphisms of right H-comodule magmas of
H.

Proof. Note that for every object B in the categories Gal*(C,H), Gal*®(C, H),
N*P(C,H), we have an isomorphism of right H-comodule magmas B ¢ B = H.
Therefore, I3,, JP, and J; are cofinal and {H} is a cofinal subcategory of
Gal®(C,H), Gal**(C, H), N**(C,H). Thus by the results of the previous para-

graph we obtain the isomorphisms for the Whitehead groups. O

Proposition 5.4. Assume that C admits equalizers and coequalizers and let
D be a symmetric monoidal category with equalizers and coequalizers. Let
F : C— D be a strong symmetric monoidal functor preserving equalizers and
coequalizers. Let H be a cocommutative finite Hopf quasigroup in C. The func-
tors

G(F): Gal*(C,H) — Gal**(D,F(H)), N(F):N*®(C,H) — N*(D,F(H)),

defined by
G(F)(A) = F(A), N(F)(A)=F(A)

on objects and in the obvious way for morphisms, are cofinal. Therefore there
exist two exact sequences of abelian groups:

Aut(H) — Aut(F(H)) — K,8(G(F)) — Gal(H)"S Gal*? (F(H)),

N(F)

Aut(H) — Aut(F(H)) — K1 3(N(F)) — N**(H) — N*(F(H)).

Proof. The functors G(F') and are well defined and they are cofinal because for
every object B in the categories Gal*’(C, F(H)), N**(C, F(H)), we have that
BeB = F(H) as right F(H)-comodule magmas. Thus, applying the general
theory of exact sequences associated to cofinal functors we obtain the result. [

As was proved in [3], the group Aut(H) admits a good explanation in terms
of the group of grouplike elements of the dual algebra of H when H is finite. If
H is a finite cocommutative Hopf quasigroup, H* is a finite commutative Hopf
coquasigroup and, if G(H*) (the set of grouplike elements of H*) denotes the
set of morphisms A : K — H* such that dg« oh = h® h and eg+ o h = id,
G(H*) with the convolution product h x g = pg- o (h ® g) is a commutative
group, called the group of grouplike morphisms of H*. Note that the unit
element of G(H*) is ng+ and the inverse of h € G(H*) is h™! = Ay« oh. Under
this conditions we have that G(H*) and Aut(H) are isomorphic (see [3]). Then
we have the following corollary.
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Corollary 5.5. In the conditions of Proposition 5.4 there exists two exact
sequences of abelian groups:

G(H*) — G(F(H)*) — K1®(G(F)) — Gal™(H)"S Gal*» (F(H)),

N(F)

G(H") = G(F(H)") = K1®(N(F)) — N*P(H) — N**(F(H)).

6. Exact sequences for invertible modules

In the last section of this paper we will study the exact sequences associated
to invertible (quasi)modules and associated to Hopf quasigroups in a symmetric
monoidal category C with equalizers and coequalizers.

Definition 6.1. Let H be a Hopf quasigroup in C. We say that (M, @) is a
left H-quasimodule if M is an object in C and ¢ : HQ M — M is a morphism
in C (called the action) satisfying

(24) om o (g ® M) = idyy,

ovo(H®pm)o(H@ g @ M) o (dy ® M)

2
(25) —en ®M = a0 (M @ ong) o (3n @ M),

This definition was introduced by Brzeziniski and Jiao in [8], but the involved
equalities appeared previously in the definition of Hopf module that we can find
in [7] and in [14].

Given two left H-quasimodules (M, @) and (N,on), f: M — N is a
morphism of left H-quasimodules if it is a morphism of left H-modules for the
unital magma H, i.e., o5 o (H ® f) = f o ppr holds. We denote the category
of left H-quasimodules by yQMod.

If (M, o) and (N, @) are left H-quasimodules, the tensor product M @ N
is a left H-quasimodule with the diagonal action

(26) omeN = (P @ @Nn) o (H®cgnm @ N)o (dg ® M@ N).

The tensor product defined by the diagonal action (26) makes the cate-
gory of left H-quasimodules into a monoidal category (4tQMod, ®, K) and in
a symmetric monoidal category when H is cocommutative. Therefore, if H
is cocommutative, yQMod is a category with product. Replacing (25) by the
equality

(27) emo(H®enm)=vmo (ug @M),

we obtain the definition of left H-module. Under these conditions, (25) holds
trivially. Note that (H, pg) is not an H-module but an H-quasimodule. The
morphism between left H-modules is defined as for H-quasimodules and we
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denote the category of left H-modules by yMod. As in the case of left H-
quasicomodules, yMod with the tensor product defined by the diagonal struc-
ture is monoidal with unit object K and also is a symmetric category, and
therefore a category with product, when H is cocommutative.

In the Hopf quasigroup setting the notion of left H-comodule is exactly
the same as for ordinary Hopf algebras since it only depends on the coalgebra
structure of H. Then, we will denote a left H-comodule by (M, opr) where
M is an object in C and gpr : M — H ® M is a morphism in C (called the
coaction) satisfying the comodule conditions:

(28) (5H®M)OQM:idM,

(29) (H ®onm)oom = (0m ®@M)oon.

Given two left H-comodules (M, opr) and (N, on), f : M — N is a mor-
phism of left H-comodules if

(30) onof=(H®f)ooum.
In the following, we denote the category of left H-comodules by "Comod.

For two left H-comodules (M, 0pr) and (N, gn ), the tensor product M ® N is
a left H-comodule with the codiagonal coaction

(31) ovmen = (g @M @ N)o (H ® ey @ N) o (om ® on)-

This makes the category of left H-comodules into a monoidal category
(HComod, ®, K') but not in a symmetric monoidal category because the product
of H it is not associative in general.

In a similar way we can define the categories of right H-quasimodules, right
H-modules, and right H-comodules. All of them are monoidal with the cor-
responding diagonal actions an coactions. The notations for these categories
will be QMody, Mody and ModM respectively. As in the left case QMody,
Mody are symmetric monoidal categories, and then with product, when H is
cocommutative.

If D is a Hopf coquasigroup we will say that (M, op) is a left D-quasi-
comodule if M is an object in C and gp; : M — D ® M is a morphism in C
satisfying (28) for H = D and

(bp ® M) o (D& Ap ® M) o (D® on)o om
=np @M = (up @ M) o (Ap ® opm) © om-

If (M, on) satisfies (29) instead of (32) we will say that (M, o) is a
left D-comodule. With PQComod we will denote the category of left D-
quasicomodules and with ®Comod the category of left D-comodules. Note that
(D, dp) is an example of D-quasicomodule but not an example of D-comodule.
In these categories the morphisms are the ones satisfying (30), for H = D, and
they are monoidal categories with the product induced by the diagonal coac-
tion (31). They are symmetric monoidal categories, and then with product, if
D is commutative. On the other hand, the notion of left D-module is defined

(32)
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as in the case of Hopf quasigroups and then we will denote the category of left
D-modules by pMod. This category with the diagonal product is monoidal but
not with product in general. Finally, we can define the corresponding categories
of right objects denoted by QComodp, Comodp and Mod® respectively.

Definition 6.2. Let D be a symmetric monoidal category with tensor product
X, umt I and symmetry 7. An object M in D is said to be 1nvert1ble if there
exist M an object in D, and an isomorphism in D wy; : M ® M-I

The object M is invertible if and only if the functor M ® — : D — D is an
equivalence of categories. In this setting if we put F = M ® — and G = M®—
we have that the natural isomorphisms ap; : Idp = GF and by, : FG = Idp
associated to the equivalence are defined by

CLM(N) = (TM,]\//TOWJT/[I)(@N’ b]w(N) =wpy ®N

for all N in D. It is well-known that this equivalence induces an adjoint
equivalence by replacing either one of the natural isomorphism ap;, bys by
a new unit or counit. In this case the unit u,; : Idp = GF and the counit
vy - FG = Idp of the adjunction F - G are defined by

'LLM(N) = 6141\4(]\7)7
oar(N) = by (N) o (M ® a3 (K)® M @ N)o (M & M ® by (N)),

for all N in D. Therefore, M is finite in D and we can assume that M* = M.
Moreover, If we define AM =n" ovy/ (K), by (4) we obtain that Vo Ay =
vapr(I) ovp ()71 = id; and therefore we have that M is a progenerator in D.
With Pic(D) we will denote the set of isomorphism classes [M] of invertible
objects in D. The set Pic(D) is an abelian group under the operation induced
by the tensor product. The unit element is [/] and the inverse of [M] is [M*].
Also, note that if Pic(D) denotes the full subcategory of D whose objects are
the invertible objects in D we have that Pic(D) is a category with product
and {I} is a cofinal subcategory of Pic(D). Therefore K;Pic(D) = Autp(I) and
KyPic(D) = Pic(D).
Remark 6.3. Let H be a cocommutative Hopf quasigroup in the category C. We
know that yQMod and yMod are symmetric monoidal categories and, as a con-
sequence, they are categories with product. With Pic(yQMod) and Pic(yMod)
we shall denote the Picard groups of yQMod and yMod respectively. Then, if
Pic(hQMod) and Pic(yMod) are the categories with product of the invertible
objects in yQMod and yMod, we have that {(K,px = eg ® K)} is a cofinal
subcategory of Pic(4QMod) and Pic(yMod). Therefore,

Kl PIC(HQMOd) = Autc(K) = KlpiC(HMOd),
KyPic(4QMod) = Pic(4QMod), KoPic(yMod) = Pic(4Mod),
and there exists a group injection iy : Pic(4Mod) — Pic(4QMod).
Proposition 6.4. Let H be a finite cocommutative Hopf quasigroup in C.
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(i) If (M, onr) is a left H-quasimodule,
(M, pyr = cr= a0 (H" @ o) o (am(K) @ M))

s a right H*-quasicomodule.
(ii) If (M, o) is a left H-module,

(M, py = e+ v 0 (H* @ pur) o (an(K) @ M))
s a right H*-comodule.

Proof. (i) Note that by the naturality of ¢, the triangular equalities for the unit
apg and counit Sy of the adjunction H ® — 4 H* ® —, and (24) we have

(M@ep-)opu = (Bu(K)@om)o(nu@an(K)©M) = puo(ng@M) = idy.
On the other hand,

(M @ p+) o (pm @ A=) © pur

— (M@ (H ® 8u(K)) o (H ® (A © B (K)) o (65 © H*)) @ H')
o(ag(K)@ H* @ H))) o (cgm @ H) o (H" ® opr @ HY)
o(ag(K)®cm-m)o (H* @ @) o (ap(K) ®@ M) (triangular equalities)

= ((pmo(H®@pn))@H")o (H® H®cyn)o (H®cy- g ®M)
o(cr g @Pu(K)@H@M)o (H* @ cyp @ay(K)® M)
o(H*" @Ay @ Pu(K)@H M) o (H" ®dég ® ag(K)® M)
o (apg(K)® M) (naturality of ¢)

=((pmo(HRpm)@H ) o (HOH ®@ch+m)o (HQcyry@M)
o(cr+pr®@H®M)o(H*® ((H®Ag)ochymody)® M)
o (ag(K)® M) (triangular equalities)

=cy-mo(H @ ((pmo(H®pu)o (H® Ay @ M)o (6g @ M)))
o (ag(K)® M) (naturality of ¢ and cocommutativity of H)

= M ®ng+ ((25) and naturality of c).

The proof for (M @ pp+)o(M @A+ @H*)o(prpr @ H*) @ par = M @1+ uses
the same pattern and we leave the details to the reader. Finally (ii) follows by
(27) in a similar way. O

The following result generalizes the one proved by Caenepeel in [9] (see also
[10, Proposition 13.3.1]) for left modules associated to a faithfully projective
commutative and cocommutative Hopf algebra.

Theorem 6.5. Let H be a finite cocommutative Hopf quasigroup in C. Then
Pic(yMod) =2 Pic(C) @ G(H™).

Proof. In the proof of this result the commutativity and the associativity of
the product on H is not needed. As a consequence, the proof is similar to the
one developed in [12, Proposition 3.11]. For the convenience of the reader we
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give a brief resume. First, by the previous proposition we have that if (M, pr)
is a left H-module, then (M, py = cy» pm 0o (H* @ pur) o (ag(K) @ M)) is a
right H*-comodule. Let (M, @) be a left H-module invertible. The morphism
har = (uy (K) @ H*) o (M* @ ppr) oupr(K) is in G(H*). As a consequence, it
is possible to define the map

w : Pic(hMod) — G(H™)
by w([(M,pnr)]) = has. This map is a group morphism and it is an epimor-
phism because if h : K — H* isin G(H*), h = w([(K, ¢x = Bu(K)o(H®h))]).
Note that the object (K, px = S (K)o (H ® h)) is invertible in yMod with
On the other hand, there exists a morphism of groups

pic: Pic(C) — Pic(4Mod)

defined by pic([M]) = [(M,eg@M)]. i w([(M, ©ar)]) = nu~ it is easy to prove
that ¢y = eg ® M and then [(M, oar)] € Im(pic). Moreover, w(pic([M])) =
ng+ for all M invertible in C. Therefore, the sequence

0 — Pic(C) — Pic(yMod) —» G(H*) = 0
is exact and splits because there exists a morphism
pr : Pic(uMod) — Pic(C)
defined by

pu([(M, oum)]) = [M]
such that py o pic = idp;c(c)- (I

Proposition 6.6. Let C and D be symmetric monoidal categories, let F' : C —
D be a strong symmetric monoidal functor, and let H be a Hopf quasigroup in
C. The following assertions hold.
(1) If (M, o) is a left H-quasimodule, (F(M), opar = F(oum) o Puar)
is a left F(H)-quasimodule.
(i) If (M, pnr) is a left H-module, (F(M), opry = F(ear) o Prn) is a
left F(H)-module.
(iii) If f: M — N is a morphism of left H-(quasi)modules in C, F(f) is a
morphism of left F(H)-(quasi)modules in D.
(iv) If (M,¢om), (N,on) are left H-(quasi)modules, ®pr N is a morphism
of left F(H)-(quasi)modules.
(v) The morphism ®q is a morphism of left F(H)-(quasi)modules for

opk) =Fleg @ K)oy
and o1 = ep) @ 1.
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Proof. As in the previous cases we shall assume that X is the tensor product
of D and I its unit object. The proof for (i) is the following: Firstly note that,
by the naturality of ®, (24), and (11), we have:

eran © (e B F(M)) = @k p 0 (P X F(M)) = idpr).
On the other hand,
PF(M) © (/\F(H) X SOF(M)) o (5F(H) X F(M))
= F(omo (Mg ®oum)) o P uonm o (F(H)X g )
o (@' o F(6u)) W F(M)) (naturality of ®)

F(paro (g @ oar)) o @mmam © Pyiygar © Prow,m

o (F(0m) W F(M)) ((9))

= F(pmo (Mg ®@par)o (0 @ M))o Py pr (naturality of @)
Fleg ® M) o @ ((25))

= O po(Fleg) R F(M)) (naturality of @)

= ep(m) WF(M) ((11)).

Similarly, we can prove that

PF(M) © (F(H)X SOF(M)) o (F(H) Z’)‘F(H X F(M)) o (5F(H) X F(M))
= EF(H) @F(M)

The proof of (ii) follows by analogous arguments and we leave the details to
the reader.

If f: M — N is a morphism of left H-(quasi)modules, by the naturality of
®, we obtain that F(f) is a morphism of left F'(H)-(quasi)modules in D. Then
(iii) holds. Similarly, by the naturality of ® and (i) of Definition 2.5, it is easy
to prove (iv). Finally (v) follows from (11). O

Corollary 6.7. In the conditions of the previous proposition, if (M, ppr) is
an invertible left H-(quasi)module, (F(M),¢pr)) is an invertible left F(H)-
(quasi)module.

Proof. If (M, par) is an invertible left H-(quasi)module and (M\, ¢77) is the left
H-(quasi)module such that there exists an isomorphism wy; : M ® M= K ,

—

we can choose the left F'(H)-(quasi)module (F/(_J\T) =F(M), YFEan = @F(ﬁ))

and then, by (iii)-(v) of the previous proposition we have that
WE(M) =<I>510F(wM)o<I>MH:F(M)®]m -1

is an isomorphism of left F'(H)-(quasi)modules. Therefore (F(M),ppr)) is
an invertible left F'(H)-(quasi)module and the assertion holds. O
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Corollary 6.8. In the conditions of Proposition 6.6, if H is cocommutative,
there exists cofinal product preserving functors

QPic(F) : Pic(hQMod) — Pic(gH)QMod),
Pic(F) : Pic(4Mod) — Pic(g(H)Mod)

defined as (M, on) ~ (F(M), opar)) on objects and in the obvious way on
morphisms.

Proof. The proof follows directly from Corollary 6.7. Note that if (P, pp) is

~

an invertible left F(H)-(quasi)module, then, by (v) of Proposition 6.6, P X P
is isomorphic to F(K) as left F(H)-(quasi)modules.
O

Theorem 6.9. In the conditions of Proposition 6.6, if H is cocommutative,
there exist two exact sequences

Autc(K) — Autp(I) — K1 ®(Pic(F)) — Pic(uMod) — Pic(ryMod).

Proof. The proof is a consequence of the general results about exact sequences
associated to cofinal product preserving functors of Corollary 6.8 and the iso-
morphisms of Remark 6.3. O
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